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A NOTE ON THE EXISTENCE OF A NASH EQUILIBRIUM POINT
IN STOCHASTIC DIFFERENTIAL GAMES*

KENKO UCHIDATY

Abstract. Using the implicit function lemma of Bene$ [SIAM J. Control, 1970] we derive a sufficient
condition for the existence of a Nash equilibrium point in a feedback form in N -person stochastic differential
games, which is-an addendum to the existence theorem given by the author [SIAM J. Control, 1978].

1. Introduction. In the recent paper [1], we have proved that, if the Nash
condition stated below is satisfied, there is a Nash equilibrium point in a feedback
form in N-person nonzero sum stochastic differential games. The purpose of this
paper is to give a necessary and sufficient condition for the Nash condition to hold,
which can be regarded as the natural extension of the Issacs condition to the nonzero
sum case.

2. The main theorem. We use the same notation as [1]. Let € be the space of
continuous functions from [0, 1] to R™. x denotes a member of € and x, denotes the
value of x at 7. &, is the sigma field of € generated by {x;; x € €, s =t}, Z#™ is the Borel
sigma field of R™, and %; is the Borel sigma field of the compact metric space U,
i=1,---,N. P is the sigma field of the subset D of [0, 1] X ¢ having the property that
the section of D at time ¢ is in &%, for each ¢ and the section of D at x is Lebesgue
measurable for each x.

Now, let the functions H;, i =1, - - -, N, which correspond to the Hamiltonians in
the N-person stochastic differential games under consideration, be given by

H;:[0,1]Xx€XR"xXU;X-+-XUx-R,
such that for each i,
(i) H; is measurable with respect to the sigma field Z2OR" @ U1 ® - - * ® Un,
@ii)) Hi(t, x,p;,*,* - +,+) is continuous on U;X-:-X Uy for each (¢ x,p;)e
[0,1]x€¥xR™.
Then the Nash condition [1] is stated as follows:
DEFINITION. We say the Nash condition holds if there exists a function

u¥: (0, 11X €xR™, 2QR™ )~ (U, Us)
foralli=1,- -, N such that for each (¢, x, p)€ [0, 11X € x R™ and for all v; € U,

Hi(t, x, pi, u¥ (t, x,p), -+ +, ufe(t, x, p))
=H(t, x,p, uf(t,x,p), -, ui1(t, x,p), vy, U1 (&, x, p), - - -, uN(t, x, p)),

where p = (p1,- -+, pn).
Let us introduce the following function:

N
(D(t’ X, D, U, v)': Z Hi(t’ X, Diy Wi, * 0 5 Ui—1, Uiy Uir1, " " 0 uN)
i=1

N

- .Zle(t, X, Dy U, "+, UN)

i=

where p=(p1, -, pn),u =, -+, un)and v =(vy, " -, vx). Using this function we
can now state the main result.

* Received by the editors February 10, 1978.
+ Department of Electrical Engineering, Waseda University, Tokyo 160, Japan.
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2 KENKO UCHIDA

THEOREM. The Nash condition holds if and only if
1) max mm oL, x,p,u,v)=0

ueU velU

forall (t,x,p)e[0, 1] €xR™, where U=U,X- - X Un.

Proof. First note that for fixed (u, v), ®(-, -, -, u, v) is measurable with respect to
DPRR™ and for fixed (1, x, p), (¢, x, p, -, ) is continuous on U x U. Note also that
U=U,;X---XUy is compact.

Suppose S is a countable dense subset of U. Then for fixed (¢, x, p) and u,

min ®(¢, x, p, u, v) = inf (¢, x, p, u, v),
veU veSsS

so that for any a € R,
{@, x, p): mi(r; o, x,p,u,v)<al= Us{(t, x,p):. ®@, x, p, u,v)<a}l.
vE ve
Hence, for fixed u, min,.y ®(, x, p, u, v) is measurable with respect to PFROR™ in
(¢, x, p) and, further, min,.y ®(¢, x, p, u, v) is continuous in u. Now, for fixed (¢, x, p),

max mm o(t, x, p, u, v)=sup mf (¢, x, p, u, v),
uelU veU ueS V€

so that for any a € R,
{@#, x, p): max min ®(t, x, p, u, v)<a}= N {({, x, p): min ®(¢, x, p, u, v)<a}.
ueU veU uesS veU
Hence max, .y min,cuy (4, x, p, u, v) is measurable with respect to @ ®R™. Then an

implicit function lemma of Bene$ [2] shows that there is a measurable function
* % *
u =(u1,...,uN),

u¥: ([0,11XEXR™, DQR™)> (U, U),
i=1,---, N, such that for each (¢, x, p),

min ®(t, x, p, u*(t, x, p), v)=max min ®(t, x, p, u, v),
velU uelU veU

where u*(t, x,p)= i@t x,p), -, uk(t x,p)). Therefore, if max,.y min,cu
(L, x, p, u,v)=0for all (¢, x, p)e [0 1]x € x R™, we obtain that for each (¢, x, p),
2) O(t, x, p, u*(t, x, p), v) 20

for all v € U. This inequality is equivalent to

N
'21 H(L X, pi9 u’lk(t9 X, p)7 T, u;k—l(n X, p)7 Ui, u;k+l(t’ X, p)7 ttt, uﬁ(ty X, P))

N
z ¥ Hitxps ut (4, x,p), -+ -, uk(t x, p))

for each (¢, x, p) and all v € U. Consequently, for each i and each (¢, x, p), setting
v=wfx,p) -, ui1(t,x,p), v, uf1(t, x,p), -+, un(t, x,p)) in (2), we obtain the
following inequalities: for each (¢, x, p)€ [0, 1] X € X R™,

PIi(t, X, Dis uf(t’ X, P), Y u;k—l(t, x,P), Vi, u:'k+1(t, X, P), T, u%(t, x,P))
gfIl(t’ X, pb uf(t’ X, p)9 T, u"f:’(L X, p))
forallv;e U; and all i =1, - - -, N. This implies that the Nash condition holds.
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Conversely suppose that the Nash condition holds. Then, for each (¢, x, p), we
have

?3) @@, x, p, u*(@, x, p), v)zmig @, x,p, u*t, x,p), v)=0.

On the other hand, it follows from the definition of ® that for each (4, x, p),
4) mig o, x,p, u,v)=0

for all u € U. Expressions (3) and (4) imply

max min ®(t, x, p, u, v)= min &, x, p, u*(t, x, p),v)=0

for all (¢, x, p)e [0, 1]x € x R™.

3. Remarks. A. In the previous paper [1], the following type of N-person
stochastic differential game was discussed: The system is described by the stochastic
functional differential equation of the form

5) dx,=f(t,x,uy, -, un)dt+o(t,x)dB,

where B, is a Brownian motion, and corresponding to each choice of the feedback
strategies, player i incurs a cost of the form

1
©) PG+ uw) = El g+ [ o xu, -, un) i,
0
i=1,--, N.In this case, the Hamiltonians are given by
H(t’ X, Dis U1, * *, UN)‘—‘Pif(t, X, Uy, "y UN)+h,'(t, X, Uy, t 0, uN)’

i=1,:--, N, and Theorem 2 of [1] asserts that if the Nash condition holds there is a
Nash equilibrium point in feedback strategies under the several assumptions [1] to (5)
and (6). Therefore the condition (1) becomes sufficient for the existence of a Nash
equilibrium point in such stochastic differential games.

B. Suppose the case with the following convexity:

(1) U;isaconvexsetforalli=1,--- N,

(ii) H; is a convex function on U; for fixed (¢4, x, pi, U1, " * *, Ui-1, i1, * 5 UN)
andalli=1,---,N.

In this case, using the theorem of Nikaido and Isoda [3], we can establish the condition
(1). From this fact, we see that the ‘“strict” convexity of A; in the assumption (H,) of [1]
can be replaced by the convexity.

C. Finally consider the two person zero sum case, that is, N=2 and
Hi(t, x, p1, u1, us)+ Ho(t, x, pa, u1, u)=0 for all (¢, x, p1, P2, U1, U2)€[0, 11X € %
R™ X R™ x U, %X U, such that p, +p, = 0. It is remarkable that in this special case the
condition (1) is reduced to the Issacs condition [4]:

min max H\(, x, p1, uy, u) = max mm H(t, x, p1, u1, uz)
ureUy ue U, uzeUjy u eU

for all (¢, x, p1)€[0, 1] X € xXR™.
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SOME PROBLEMS IN THE CONTROL OF DISTRIBUTED SYSTEMS,
AND THEIR NUMERICAL SOLUTION*

GREG KNOWLEST

Abstract. The bang-bang control of certain distributed parameter systems is considered, and the
relationship between these results and the approximate controllability of the system discussed. Also, a
technique for the numerical solution of both fixed time and minimum time problems is given and applied to
several control problems governed by the wave equation.

1. Normal Systems. In this note we consider the control problem whose state
equation is given by

(1.1) y(O)=Ay)+u(t)g,  y©0)=yo,

where g, yo are fixed elements of X, a Banach space, and A:X - X is a closed linear
operator with domain dense in X. We suppose further that A generates a C,
semigroup of bounded linear operators S(¢): X » X, t=0 [1]. The (scalar) control
function u will be restricted to take its values in % = {u: |u(r)=1 almost everywhere}.
For all such admissible controls and ¢ =0, the integral

(1.2) y(t:u)=S(t)y0+LS(t—7)gu(T)dT

(the integration being taken in the sense of Bochner) defines an element of X, which
we adopt as the solution of (1.1).

Associated with (1.1) we consider two types of cost functionals

(I A y;€ X and €>0 are given, and we attempt to control the system to reach
the target set W ={x € X:|x — y,||= €} in minimum time.

Problem (I) will only be well posed if we assume W is reachable in some finite
time, i.e.,

(H1) There existsa t>0and a ue U with y(t: u)e W.

The second problem is

(ID) A fixed time T >0, and a fixed y, € X are given and we attempt to minimize
|y (T:u)—yi| over all u € .

Here we assume

(H2) Forallue U, y(T: u)# y;.

A further concept which will not be investigated here but which plays a central
part in this note, is that of approximate controllability of the system (1.1). Namely, we
say (1.1) is approximately controllable in [0, ¢] (in finite time) if {y (t: u): u € L*(0, 1)} is
dense in X (respectively, is U ,~o{y(t: u): u € L™(0, t)} is dense in X). It is then an easy
consequence of the Hahn-Banach theorem that (1.1) is approximately controllable in
[0, ¢] if and only if

(x', S(7)g)=0, 7€[0,¢], implies x'=0.
Further (1.1) is approximately controllable in finite time if and only if
(x',8(t)g)=0, >0, implies x'=0,
(e.g., [4]).

* Received by the editors July 25, 1977, and in revised form April 3, 1978.
t Mathematics Department, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213. This
research was supported in part by the Office of Naval Research under Grant N00014-76-C-0369.
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A vector ge X is called an analytic vector for {S(¢)} if the function 7 S(7)g,
>0 is analytic. For this it is necessary and sufficient that the function 7> (x’, S(7)g),
7> 0 be analytic, for every x' € X' [13]. (Notice that this definition differs slightly from
the one used in other areas of mathematics, where it is usually assumed that g also
belongs to Np=1D(A"). In the case {S(¢)} is a group, these two definitions coincide:
e.g., [23, footnote on page 315].) In the cases of main interest here (1.1) will represent
either a parabolic equation, in which case every g € X is an analytic vector for {S(¢)},
({S(t), t>0, is an analytic semigroup [13]), or (1.1) will represent a wave equation
and {S(¢)} will be a group and then the analytic vectors will be dense in X [19]. Notice
also, that when g is an analytic vector for a group {S(#)}, then the function =->
(x',.S(7)g) is analytic for all —co<7 <0,

The existence of optimal controls for problems (I) and (II) is well known. (See, for
example [1], [14].) The purpose of this paper is to determine when these optimal
controls are bang-bang and unique, and to investigate methods for their numerical
solution. We will proceed via the following two propositions. The first was proven in
([16]), the second is well known (see e.g., [14, Thm. 1.6.3]).

ProrosiTiON 1.1. If (H2) holds and i is an optimal control for problem (I1) with
lly (T, @)— yil| = E, then there exists an z' € X' for which

1.4) L (', S(T—7)gu(r)dr= L (2", S(T—7)gria(r)dr=(z', w)

for all w with ||w —y,|= E, and u € U. Further, ii(t) =sgn{{z’, S(T —7)g)}.
PROPOSITION 1.2. If (H1) holds then an optimal control u* for problem (1) exists,
and if the minimum time t* > 0, then there exists a nonzero x' € X', for which

t\‘ *

t
(1.3) j ', S(*—7m)gu(r)dr= j &', SE*—ngu*(r)dr=(x', w)
0 0
for all w e W, u e . In particular u*(r)=sgn {{x’, S(t* —1)g)}, 7€ [0, £*].

Remark. If X is a Hilbert space in problem (I), as x’ supports W in y (t*, u*), then
we must have x' = A (y;—y(t*, u™*)) for some A #0. Clearly by dividing (1.3) through
by A, we can take x'=y;—y(t*, u*). Similarly in problem (II), z' =y, — y(T, @).

From Propositions 1.1 and 1.2 it can be seen that the bang-bangness of the
optimal control depends on whether the function 7-(x', S(t*—1)g), 0=7=r*, is
nonzero almost everywhere. Accordingly, we call the system (1.1) normal in X, if, for
allt>0,

(x', S(t—7))=0for re Fc (0, t), F nonnull, implies that x' =0

(see [4] and [3]). It then follows from Propositions 1.1 and 1.2 that if (1.1) is normal in
X, the optimal controls for problems (I) and (II) are bang-bang, unique and uniquely
determined by (1.3) or (1.4) [4, Thm. 4]. Also, from our earlier remarks, any normal
system is approximately controllable in [0, ¢], for any ¢ > 0. Conversely, we have

THEOREM 1.1. If g is an analytic vector for {S(t)} and (1.1) is approximately
controllable in finite time, then (1.1) is normal, and hence u* (respectively @t) is bang-bang
and unique. Further this optimal control has at most a countable number of switches
accumulating at t* (respectively, T). In the case {S(t)} is a group, the optimal control has
at most a finite number of switches.

Proof. We show first that (1.1) is normal in X. Suppose there exists a ¢t >0, and
an x'€ X' such that

x',S(t—7)g)=0 for 7eFc]0,1¢],
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and F is nonnull. As g is an analytic vector, this function is analytic in 7, and hence
identically zero. That is, (x’, S(7)g) =0 for all >0, and so x' =0, as (1.1) is approxi-
mately controllable in finite time.

For the second part of the theorem we remark that by analyticity the function

(1.5) ->{x', S(t*—7)g)

can have at most a finite number of zeros in any interval (0, t*—8), for any 6 >0,
sufficiently small. Consequently the only possible point of accumulation of the zeros of
(1.5) is at ¢*. Clearly the zeros of (1.5) are the switching times. Finally, in the group
case (1.5) is analytic for all 7 € (4+00, c©) and so can have at most finitely many zeros.

The relation between controllability and normality for lumped systems is well
known; it is inherent in the discussion of proper and normal systems in [11]. We see
from Theorem 1.1, that if g is an analytic vector for {S(¢)}, then this relation carries
over to infinite dimensional situations. For problem (IT) for distributed systems similar
ideas are discussed in [7]. Unfortunately, the assumption that the system be approxi-
mately controllable need not always hold (e.g., [4], [23]). In fact, in general to make
(1.1) controllable one needs at least as many scalar controls as the largest multiplicity
of the eigenvalues of A [23]. However, if the system is not approximately controllable
in X (and hence not normal) is could still be normal in a subspace of X, and this is
often enough to prove the bang-bangness and uniqueness of the optimal control for
the time optimal problem (problem (I)). We will do this, for the case yo =0, under the
following slight strengthening of (H1).

(H3) There exists a t; >0 and u € % such that ||y, —y(t;: u)| < &

LEMMA. Suppose (H3) holds and let X be the closure of {Is: S(t:—7)gu(r)dr:ue
L (0, t1)} (given the norm topology induced by X). If u* is an optimal control for (1) and

*> 0 the minimum time, then there exists a nonzero '€ X' with

L &, 8t ~m)gu(r)dr = L &', S(t*—7m)g)u*(r) dr, uea.

Proof. Denote by B(x, p) the closed ball in X with radius p. Set B =X N B(y;, &)
and A (t)={f, S(t—7)gu(r) dr: u €U}, the attainable set of the control system (1.1) in
time ¢, for 0= =t,;. Assumption (H3) implies that B is nonempty, and by setting u to
be zero on (0, ¢, —t), we can see that Z(t)< X, for t€ (0, t;). The sets #(¢) are weakly
compact and convex in X, and hence also in X, and B is closed and convex in X. By
(H3) we can choose a p € B(y1, 8)N X, for some 0< 8 < &, and then B(p, (€ — 8)/2)N
X < B, or B has nonempty interior in X. Since ¢* is the minimum time, and & (t)c X
for 0=t=1, it follows by the usual arguments that /(t*)N B # &, «(r*)Nint B =
@, and so by [3] there must exist a nonzero i'e X' separating #(*) and B.
Consequently,

* ™
(1.6) (i',J S(t*—1)gu(r) d*r)é(i',j S(t* —1)gu*(r) dr), uca.
0 0
The lemma will follow (by transferring X’ under the integral in (1.6)), if we can show

that S(r)g € X, for 7€ (0, t*). By setting u = 1, and using the fact that X is a linear
space, we have that

X =%(L+h S(r)g df—L'S(T)g df) eX

for ¢t (0, t*) and h sufficiently small. However, the function 7- S(7)g, 7€ (0, t*) is
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continuous into X ({S(¢)} is a C, semigroup), and so

lim x,, = S(1)g,

ie., S(t)ge X, for te (0, t%).

THEOREM 1.2. If (H3) holds, g is an analytic vector for {S(t)}, and t* > 0; then u*,
the optimal control for problem (1), is bang-bang, unique, and has the switching
propetrties refered to in Theorem 1.1.

Proof. From the lemma u*(r)=sgn {(£', S(¢* —7)g)}. Since %' is a continuous
linear functional on X, it has a continuous extension to all of X; denote this extension
by x'. As g is an analytic vector the function 7> {x’, S(t* — 7)g), 0 <7 < t*, is analytic;
however since S(t*—r)ge X, for 7€ (0, *) (see Lemma 1), (x', S(t*—7)g)=(x,
S(t*—7)g) for all 0<7<r*. The proof then follows as in Theorem 1, since (1.1) is
automatically approximately controllable in X, in time f,.

Notice that (in the notation of §3) if A is a normal operator with compact
resolvent on a Hilbert space X, the above proof carries through for all those initial
conditions y,€ X for which (g, ¢x;) = 0 implies (yo, ¢x;) =0, k=1, -, r,j=1,2,--.
The proof follows as before, as this assumption implies & (¢) < X for0=st=1,.

Finally we remark that these results all extend to the case where the control
appears nonlinearly, and the set of admissible controls need not be convex. Namely,
suppose the state equation takes the form

yO)=Ay@®)+h(t u()g  y0)=yo

where h is a bounded Carathéodory function (i.e., measurable in the first variable and
continuous in the second), and the set of admissible controls is now % =
{u:u(t)e U a.e.}, where U is a fixed compact set in R. Set h(t, U)={h(t,v):ve U},
& ={f:f is Borel measurable, and f(r)eco h(t, U) a.e.} (co denotes convex hull), and
denote by y(¢:f) the solution of (1.1) with f in place of u, for any fe Z. Then, for
problem (I) we have

THEOREM 1.3. If there exists a time t, >0 and fe £ such that y(t:f)e W, g is an
analytic vector for {S(t)}, and (1.1) is approximately controllable in finite time; then W
is reached in minimum time t* by an admissible control u* € U, and h(t, u*(t)) belongs
to the extreme points of co h(t, U) for almost all t € (0, t*).

The analogue of Theorem 1.2 can be stated similarly, and for problem (II)

THEOREM 1.4. If y, # y(T :f) for any f€ %, g is an analytic vector for {S(t)}, and
(1.1) is approximately controllable in finite time; then an optimal control u*e U for
problem (1) exists and h(t, u*(t)) belongs to the extreme points of co h(t, U) a.e.

The proof of these theorems follows as in [15] by defining the vector measure
m,: B0, t)> X (B(0, t) is the Borel o-algebra on (0, t)) by,

m(E)= '[ S(t—7)gdr
E
E e 3B(0,1t), t>0. The output of (1.1) can then be represented as
I h(r, u(r)) dm.(7)
0

and the results follow as in [15, Thms 2, 3 and 4].

2. Applications. Suppose ) is a bounded n-dimensional domain, with
sufficiently smooth boundary 9Q; x =(x;, -, x,) is a point in Q; L(x, d/dx) is an
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N X N matrix with each element L;;(x, 9/9x) a linear differential operator of order 2m
of the form

d .
@1 L{x2)= 5 aP@D"  (j=1,2+,N)

ox la|=2m
where  a=(aj, " ,a:)(z0), |a|=a;+ - -+a, and D*=@E""*")/
Bxf' -+ -0xy"). We assume the coefficients af}’)(x) are real and sufficiently

smooth, and L(x, 8/3x) is strongly elliptic i.e.,

N
GRVAEDY l |Zz aiP(x)ET - Enrmim; >0
iL,j=1 |la|=2m
for arbitrary x € (), and real &, m with YEr#0, Y i #0, L(x,d/dx) generates a
linear operator in the space X =L°(Q)(={y:y=(y1, -, y.) and ¥;_, faly:|? dQ <
oo}), p > 1, defined on those smooth functions satisfying

(2.2) | =ﬂ| =...=§.m__.l_y| =0
. Yisn on o} anm—l o2

where n is a normal to 3Q). This operator allows a closure; denote it by A. Then (2.1)
represents the strongly parabolic system

am o)
2. = —_
(2.3) Py Lx,ax ytgxu(), xeQ, t>0,

(2.4) y(x,0)=yo(x), xe,

with boundary conditions (2.2), where g is any fixed element of L”(Q)), and u is the
control function. It is known, that A generates an analytic semigroup [16, 1.8.3], and
hence every g e L?(Q) is analytic for this semigroup. Consequently for (2.2), (2.3),
(2.4), Theorem 1.1 becomes

THEOREM 2.1. If W is reached in some time by an admissible control, and system
(2.1), (2.2), (2.3) is approximately controllable in finite time, then W is reached in
minimum time t* by a unique, bang-bang optimal control u*, which has at most a
countable number of switches accumulating at t*.

Theorems 1.2, 1.3 can be similarly stated.

We remark that analogous results hold for more general boundary conditions of
the Sapiro-Lopatinski type [16, 1.8.3]. When m =1, N = 1, similar results hold for the
second boundary value problem

F)
5X (x,)—a(x)y(x,)=0,  xeaf,
14

where a(x)=0.
Now let X = H (1)@ L,(Q) endowed with the energy inner product, i.e.,

Uos bl Ufos halx = L (Vfs- Vo by - i} Q.
If

0 I o o
a=[, ] md p-t@nH@©A W@,



10 GREG KNOWLES

and g =[0, b]€ X, yo=[Qo, Q1] € X then (1.1) represents

2
P Ap+b()ult) xeQ, t>0

at
p(x,0)= Qo(x) xe
pi(x, 0)= Q4(x)
p(x,t)=0 for x € 0Q)

(where y(t)=[p(-, t), p.(+,t)]). The operator A is normal (in fact skew adjoint), with
compact resolvent, and generates a group {S(¢):te(—00,0)}. Consequently the
analytic vectors for {S(¢)} are dense in X. Denoting the eigenvalues of A by A;,j=
1,2, -, and its normalized eigenvectors by ¢, k =1, - - -, r;(r; is the multiplicity of
Aj),7=1,2,- -, then we can represent S(¢) as,

2.5) SO=I T @een  geX.

If {/;} and {¥.} denote the eigenvalues and eigenvectors of A on L*(Q) (with homo-
geneous Dmchelet boundary conditions), then A; = VI Ii, and @p = [V, — VI LVl k=
1,-,rj=12,-

It is known that g is an analytic vector for {S(¢)} if and only if ge D(A") for each
n=1,2,and

s o)
(2.6) ”A g|| t" <00 for some ¢ >0.

n=0

Since in this case
[eo) ’,
A'g= _Zl Aj kZl (g pi)eix forge D(A™),
i= =

n=1,2,--+,we have

|Ag|? = Z A7 Z (g, o)l
@7

i Z |bie|*

"MB

where by = (b, ¥y )rL2@). Hence, by applying the root test to (2.6), g is an analytic
vector for {S(¢)} if and only if

n 1/n
lim sup [M] <0
n->00 n!
that is, by (2.7), if and only if
i I2n+2 r

lim sup[ Y W Z |bj| ] <00,

n->oo ]=1

In particular, in the case Q= (0, 7), A;= xij, and ¥;=sin (jx),x€ (0, 7), j=
1,2, -, g=][0, b] will be an analytic vector for {S(¢)} if and only if

) © ]-2n+2 ) 1/(2n)
(2.8) lim sup[ Y Wlbil ] <o

n-»00 i=1
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where b; = [J b(x)sin (j, x)dx,j=1,2, - - . In particular, this holds if
lb,l =Me el

for some positive constants M, C, all j (c.f. [24, Proposition 1]). It is also known that
(for Q= (0, 7)) this problem is approximately controllable in finite time if and only if
bj#0j=1,2,---,[23, Example 4.4], [21, Prop. 1].

3. Numerical approximation. In this section we develop further the method in
[8], [9] for the numerical computation of a sequence of suboptimal controls for the
minimum time problem. Specifically suppose the state equation is

(3.1 JO=Ay©)+ T gu@),  y©0)=yocX

where g;e X, u=(w;), i=1,:--,m, and we wish to control (3.1) to the origin in
minimum time, with admissible controls % ={u:|u;|=1, i =1, 2, m}. In the remarks
following we shall show that this choice of end-point y; = 0 places no restriction on the
generality of the method.

In [22] the problem of finding the control of minimum L* norm transferring
certain systems from initial to final state in a given time T was considered. Here we
suppose (as is more often the case) that the controls are restricted a priori, and we seek
to effect this transfer in minimum time. In the final section we indicate extensions of
this method to problem (II).

Clearly, the results of the first two sections indicate (at least in certain cases) the
feasibility of approximating this problem by bang-bang controls. Following [8], we
propose a simple algorithm for doing this, and show its applicability on a control
problem governed by the wave equation.

For this section assume that X is a Hilbert space, and A is a normal operator with
compact resolvent, having eigenvalues ¢, k=1,---,r, j=1,2,- -+, r; is the multi-
plicity of A;. It is known that the {A;} are isolated, if A is unbounded, so are {A;}, and
{Re ()} are uniformly bounded from above. If each r,=1, we simply write {¢;}
instead of {¢;x}. With these assumptions we can write the solution of (3.1) as

0 r . m . t
3.2) yt:w)=Y% ¥ {e)‘f'y{,"+ Y g{-kj N ui(r) d'r}qojk
i=1 0

i=1k=1 i=
where y¥ = (yo, ¢j) and g = (g, @), i =1, -+, m. Then the minimum time, t*, for
which y(t*)=0 (in X) will be, by orthonormality of {¢;;}, the smallest time for which

t*

(3.3) glgiik(jo e—'\fTu,-(T)d'r)=—y6k fork=1,-++,r, j=1,2-

Now defining
gy gm yo
j2 j2 j2
gr " 8 Yo
Gi= "lovi=

jr jr in,
81’ e m{ yol
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and

J e Muy(r) dr
o

h]'(ul'.',um;t)= E ) j=172’.."

LJA e Muy(r)dr
o J

we see that (3.3) can be written as
(3.3) G hi(ur, - um; t*)=~y;, j=1,2,---.

Even if the optimal controls were bang-bang, in general it would require an infinite
number of switchings to satisfy the infinite system of equations (3.3) or ((3.3)), and so
such controls would be impossible to calculate numerically.

An approximating sequence of controls

{u"}=

Um

could be computed by choosing u” so that it removes the first » modes in (3.2) i.e., so
that

(3.4) Ghij(ut, -, upm:t")=—y; forj=1,---,n

where t" is the smallest time for which these equations are satisfied. (However, if
coefficients in (3.3) are known analytically, then convergence could be improved by
modifying this procedure; we return to this point later.) If the ith control u; is
bang-bang with switches at ;;, - - -, t,, =t", then h;(u’1, - -+, um, t")=

-1 ) ) -
:L‘X“(l -2 exp (—Ait11)+2 €xXp (_A,‘tlz) ce (—1) 1 €exp ("‘A,'t ))

1

(3.5) F(t)2

1
iA—(l ~2exp (—Ajtm1)+2exp (—Ajtm2) - (—1)exp (=Ajt"))

L i
]'=1,2,...,

where the + sign is taken if the control starts with value + 1, and similarly for the —
sign. Combining (3.5) and (3.4), we find that under the above assumption the compu-
tation of u” reduces to solving the following set of nonlinear equations:

(3.6) GiF;(ty)= -y, forj=1,---,n,

I=1,--+,s,i=1, -+, m. We now give conditions under which the set of equations
(3.6) has a solution, and when that solution will be unique.
Consider the following controllability assumptions
(H4) There exist u;€ U, i=1,- - -, m, transferring (3.1) to zero in finite time.
(H5) Rank G;=r;, and Re (A;)<0forj=1,2,---n.
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(H6) For the case m =1, and A has no multiple eigenvalues (r; = 1), suppose
(g’ (p]);é() and Re (A])é()’j: 1, 27 Tt
THEOREM 3.1. If either (H4), (H5) or (H6) holds the system of equations (3.6) has

a solution with t" minimal and 0<t; <t <t (=t"),i=1,2, -, m. Further this
solution is unique, if A has no multiple eigenvalues and (g, ¢;)#0 for all i=
1,2,--+,m,j=1,2,---.(This is automatically true for (H6).)

Proof. Consider the finite-dimensional control problem of steering the system
whose state at time ¢ is given by

n r,. . m . t
G.7) yew=3% 3 [eryl+ § g [ 0 um]en
j=1k=1 i=1 0
with initial condition
n 7
L3
(3.8) yo=2 X Yoo
ji=1k=1
and controls |u;|=1, i=1,2,---,m, to the origin_in the space X,=
spleis, . @ir>' " s ®n1, " " "> Pnr, ], in minimum time. (sp denotes closed linear

span). Any one of the assumptions (H4), (H5), (H6) guarantees the existence of an
admissible control steering the initial state to zero in finite time, ((H4) is self-evident,
for (HS) or (H6) see [23, p. 324] and [16, Cor. 1.3.3, 11.5.17]); consequently an
optimal control, (&7, - - -, i), steering yo to the origin in minimum time, must exist.
We can choose this optimal control bang-bang, with each component having a finite
number of switches [10]. The switching times of the optimal control provide a desired
solution to (3.6); it will be the unique solution if and only if (&7, - - -, &, ) is the unique
optimal control for the problem (3.7), (3.8). The added assumptions of the theorem
imply (3.7) is normal, [11, Thm. 16.1], and so this optimal control is unique.

Remark. In the case {Ay, - - -, A,} are real (for example, if A is self-adjoint), and
the normality conditions in the theorem hold, then s;, the number of switches of the ith
control, must be less than or equal to n[20, I11.17.10].

The next theorem guarantees the convergence of the minimum times for the
approximating problems (3.6) to the minimum time for the original problem (3.1).

THEOREM 3.2. If the minimum time, t", for each of the approximate problems (3.6)
exists, n=1,2,3,- -, then the sequence {t"} is increasing. If the limit lim, . t" = t* is
finite, t* is the minimum time for the original problem (3.1). On the other hand if {t"}
diverges, there is no admissible control transferring y, to 0 (in X) in finite time.

Conversely, suppose (H4) holds, and t* is the minimum time for (3.1). Then each t"
exists, the sequence {t"} is increasing and lim, . t" = t*.

Proof. By construction ¢"*' is the minimum time for which the system of equa-
tions (3.6) has a solution (in the sense of Theorem 3.1)forj=1,2,: -+, n+1. Since ¢"
is just the smallest time for which (3.6) has a solution for j=1, 2, - - -, n, by minimality
we must have " ="' n=1,2,---.

Suppose lim, .o t" =¢* is finite. We shall next construct an admissible control
transferring y, to zero in time ¢*; accordingly ¢* must be an upper bound for the
minimal solution of the original problem. However, if the minimum time for the
original problem, 7, say, is strictly less than ¢*, then each of the approximate problems
can be solved in time ¢" =7, and consequently lim, . t" =f <t*, a contradiction.

Suppose u”" # (ul, -+, un), |wi|=1,i=1,2, - -, m, transfers yg to zero in X,, in
time ¢". By extending u” to be zero on (¢", t*), each u" is contained in the unit ball in

L0, r*)x L®(0, t*)x - - - X L®(0, t*)
m times
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and consequently we can extract a weak-star convergent subnet {u”}, @ € A, with
uou*, uwt=wl, -, ul), [u¥|=1, i=1,2,--+,m. For fixed j, k consider the
difference between the jkth terms in the expansions of y(¢t*, u*) and y(¢*, u®),

t*

. mo (% o
e)‘f' y6k+ Z gﬁkj e Ai(t —r)u;k(T) dT eA,t y]k
i=1 0

m X t
-X gi"J' e Ny (r) dr
i=1 0

t*
(3.9) sIyk]le - e[+ T [gh |{j e MO uE —uf)(r) dr

t*

; j (€™M _ A=y o (0 g
0

since u* =0 on (¢* t*).
Since t* > t*, |uf| =1, and u” > u* in the weak-star topology it is not difficult to
see that (3.9) converges to zero. However we chose u” so that

m . " =T
yheN + Y gka' e " Dul(r)dr=0 fork=1,
0

i=1
j: 1’ s, n
Consequently, taking the limit in « in (3.9) we will find that each of the coefficients of
the eigenfunction expansion of y(¢*, u*) must be zero, or y(¢t*, u*)=0.

From our earlier remarks, any time in which we can transfer y, to O using an
admissible control is an upper bound for the sequence {¢"}, and so if this sequence
diverges, the original problem cannot have a solution.

The converse to the theorem can be proven similarly.

We now consider the problem of estimating the norm (in X) of, (y(¢", u")—
y" (", u")), the remaining components of the state variable after time ¢".

mo 2
by @anf= 3 e § gt [ e ura ar

=n+1 k=1 i=1

and since |uf|=1 all i, n,
2 S k|2 2Re(Atn) 2 Q| jk|2
Iy u) =y " u")'= ¥ 1kZl {ly&|* e** ™ + C; Zl g%
j=n+1k= i=

where

|eRe/\itn_| )

)=~ ifRe(1)#0

G={TRe(ay Re(MFO
" ifRe(A,)=0 '

So in the case Re (A;)= 0 (e.g., the second example in section 2) we have

=1,2,-

(3.10) Iy, ) =y" (" uIF = lyo=y8IF+ (") X llei =gl

where yg, gi are the approximations to yo and g; at the nth step, i=1,2, -+, m,
n=1,n=1,2, .. (Alternately they can be considered as the projections of yo and g;
onto the subspace of X spanned by the eigenfunctions of Ay, - -+, A,).
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In the case Re (A;)# 0 (e.g., if A is self-adjoint), setting
o.=2sup{Re(A;):j=n+1,n+2,---}
we have o, > —00, n >0, and

2RO =% allf,n

Consequently,
(3.11) ly @™ w) = ya (" W S lyo-yal’+ T 3 CF T IgkT’
j=n = =

and in the case n is sufficiently large so that Re (A;)<O0forj=n+1,n+2,..., we have

n n n n o, tn n 16 & n
G12) Iy )=y w P e o=yl + () § e

Remark. From the estimate (3.12) if follows that for Re (A;)#0,j=1,2,-- -, the
best convergence will be obtained by solving the equations (3.6) for j=ji,j2, ", ju,
where Re (A;)ZRe (A,)= -+ ZRe (A;,); that is, by removing the modes cor-
responding to the larger eigenvalues first. In the case the eigenvalues are purely
imaginary, it would be best to first remove the modes for which |yX|, and |g/| are
largest.

Finally in the case y; # 0, setting v =(y1, @jx), we see, by (3.2), the system of
equations (3.3) becomes

*

m . ! . * .
(3.13) _Zl gﬁkj e Vu(r) dr—ye ™M = -yl k=1,--+,r, j=1,2,---,
1= 0

and the equations (3.56) become

(3.14) GF(ty)~y e M =—-yh, j=1,2,-++, I=1,2,-+-,8, i=1,2,--",m
where
2%
1
Yi =
yr

The system (3.14) again gives a set of nonlinear equations for the switching times
(albeit, more complex) which can be solved by a suitable modification of the methods
of §4.

4. Numerical solution. In this section we return to the set of nonlinear equations
(3.6) which determine the switching times, and consider methods for their numerical
solution. We will assume that rank G; =r; for each j=1,2,-- -, n. (This assumption
occurred in the controllability assumption (HS).) If it does not hold, it means that
there are not enough controls to force the system to zero from all the possible starting
points. The following is well known.

LemMMa. If rank Gj=r, j=1,2,---,n, there exist unique vectors a;=
(a}, -+, a;) such that Gja;=y;j=1,2,--+,n.



16 GREG KNOWLES

The problem of solving (3.6) then reduces to the nm nonlinear equations in
Z:';l s; unknowns (&) [=1,2,-+-,s,i=1,2,- -, m,

£[1-2exp (—At1)+2exp (—Ajt12) - (— 1)1 exp (—At") =Aa)
4.1) £[1-2exp (= Ati)+2 exp (—Ajti2) - - - (= 1) exp (—At™)] = Aa;

:t[l—2 €Xp (_Ajtm1)+2 exp (—Aitmz)’ . (__1)sm exXp (—Ajtn)] =/\,»a,'~"

forj=1,2,---,n,i=1,2,--+ , m.

We now investigate methods for the numerical solution of (4.1). For simplicity
consider a particular case of the second example in § 2, with Q =10, 1], yo=[Qo, Q1]
g =0, b]. The problem, then, is to bring the string with initial position Qq and velocity
Q; to rest (i.e., position and velocity zero) in minimum time. In this case r; = 1 for each
j=1,2,---,and so we consider the solution of (4.1) for m =1. The methods
developed will extend to cover any finite number of controls. We have

v =([Qo(x), 0], [sin (jx) isin (jx)])x i=1,2,-1,

o' Nm
I i b opi
-L oj--L0]
Va o Nm
where
{;:J Qo(x) sin (jx) dx, O'i=j Q1(x) sin (jx) dx
) 0
and

. iz 1 .
yhF=Lr @b+ @1, =12
Similarly g; = ib;/~'m and |g;|* = (1/7)b? where

b= I"b(x)sin (jx) dx,

Jj=1,2,---,and A;= x4, j=1,2,-- -,
The equation (4.1) with m = 1 for the switching times ¢y, £, - - -, £;, becomes
Ay

1)

+(1-2exp (—At)+2exp (—Ait2) - - - (= 1) exp(—Ajts)) =

or, equivalently, when separated into real and imaginary parts,

(_1)_n+1 ) ) B _]_Q_i

T sin (jt;,) = :t( b, )

-1 n+1 ) 1 .2Oj

s =+(-3-5)
7

forj=1,2, -, n (+ indicates the control starts with +1; — it starts with —1.)

sin (jt;)—sin (ji)+ - - - +
4.2)
cos (jt;)—cos (ji)+ -+ - +
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As a particular example take b(x)=(2/7)x, Q:(x)=0, and

2 2 1+(-)™"!
Qo(x)=— -—(—j3—)—sin (jx), O=sx=m
mw

j=1

It is easy to verify that the control u = —3 transfers [Qo, Q;] to [0, 0] in 7 seconds, and
so for this example ¢* = 7. Also
ie L(1+(=1y"!
hit=—(=),
7 i
accordingly the equations (4.2) should be solved for j=1,2,---,n. In this case
equations (4.2) become

"= i=1,2,3,

4
|gi 2 and
)

_1\81!
cos (t1)—cos (t)+ « -+ + ( cos (t;,)=1
. . (__ l)s,+1 )
sin (t1)—sin (L)+ - -+ + 5 sin (t,)=0
—1)5+! 3—(=1)
cos (jt1)—cos (jt2)+ - - - +( 2) cos (its,)=%
(43) (__ si+1
sin (jt;)—sin (jto)+ - - - + 5 sin (jit,)=0
+1
= 1) 3—(=1)"
cos (nty)—cos (nty)+ -« - +( cos (msl)=%
(_ sl+1

sin (nty)—sin (nt)+ - - - + sin (nt,,)=0, j=1,2,---,n

and so the problem is reduced to the solution of a set of n nonlinear equations in s,
unknowns. Unfortunately we cannot always expect s; = n (as was done in [11]), and
even when s; was equal to n, we found the Newton—-Raphson scheme used in [9] was
very sensitive to the initial guess and difficult to use (particularly for large n). Clearly
given any solution to (4.3), we can generate an infinite number of different solutions
by adding multiples of 27 to any of the unknowns, and so this instability is to be
expected. To understand the key to a successful numerical scheme we return to
Theorem 3.1, where it was shown that the equations (4.3) have a solution under the

restrictions that 0<t; <t,< - - - <{,, and that ¢, is minimal. (In this particular case,
g #0 all j, and by Theorem 3.1 this solution is unique.) For t=(¢;, - - -, £,,) define
— 1) -1y -3
fi(®)=cos (jt;)—cos (jt)+ - - - +£——2)— cos (jtsl)+%—
(_ sl+1
gi(t)=sin (jt;)—sin (jio,)+ - - - + > sin (jt,,), j=1,--+,n;

then the desired solution of (4.3) is the unique solution of the following nonlinear
programming problem,

P1: minimize ¢, subject to 0<t; <, < - -+ <t,,
fi()=0, g®)=0 forj=1,---,n.
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Of course, there are many ways of solving P; numerically. One, which proved
successful here, was to first remove the inequality constraints, by means of the
transformation:

151 =}'%

h=yi+y;

ta=yitys+ o 4y
Then when we sety= (y1, " -, y5,), and

f_}(y)=ﬂ(t)9 gi(y)=gi(t)’ j= 1, 2’ N
P, is equivalent to,
P,: minimize yf +y§ +- -+yf1 subject to

f_‘l(Y)=0’ g](y)=0’ j=192"",n'

Various methods for solving the equality constrained optimization problem P,
were used, amongst them (i) the SUMPT (penalty function) method [5], (ii) Lagrange
multipliers, and (iii) the Powell-Hestenes method of multipliers [12], [21]. Of these
the Powell-Hestenes method proved the most satisfactory and accurate. Both
methods (i) and (iii) proved relatively insensitive to the initial guess for y. The
disadvantage of these methods is that for high accuracy they can require many
unconstrained minimizations.

The method finally decided upon, was to firstly solve P, by the SUMPT method
for moderate values of the penalty term. That is, we solved

4.4)

P3: minimize yi +y3 +- - +y3, +r PRGOS FAD g8
5

for increasing values of , until |f;|, |g;|=0.1. This usually only required one or two
unconstrained minimizations. The resultant solution y was then used as the initial
guess for the problem

P,: minimize f1(y)+ -+ Fa(y)+ 21 )+ - - +E2(y).

Since the initial guess was already reasonably close, convergence to the true solution
was rapid, and of course only one unconstrained minimization is required. In this way
the locally quadratic convergence of Newton type methods could be taken advantage
of, with relative insensitivity in the choice of the starting point. (Notice that if s; = 2n,
Newton’s method could be used for the solution of fi(y)=gi(y)=0, j=1,2, - -,n,
instead of P,.) Finally both P; and P, are just the minimization of a sum of squares,
and were solved using a modification due to Brown and Dennis [2] of the Levenberg-
Marquardt algorithm [17], [18].

Unless the eigenvalues {Aq, - - -, A} are real the number of switches s; cannot in
general be determined a priori. (If the eigenvalues are real then s, = n; see the remark
following Theorem 3.1). However if too few switches are used, increasing the number
of switches decreases the calculated final time ;. If too many switches are used, the
solution of P3 has that extra number of components zero. In this way the actual
number of switches can be found by starting with, say, s; =2n, and increasing s, until
I;, stops decreasing or the solution of Pj is returned with some components zero.
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The numerical results were obtained on a UNIVAC 1108. The computation time
required for the solution of (4.3) (with the residuals (10™*), for, say, n =8, s; = 14 was
~20 seconds.

Table 1 gives the values of the switching times for various values of n, and Fig. 1
gives the corresponding output distributions at the final times. For n = 8 the maximum
magnitude of the output was less than (.015)X(7/2), and was too small to be
accurately plotted. Finally, in the case n = 8, the energy norm was reduced by a factor
of eight, from 1.6 (to 2 s.f) for the initial distribution to 0.2 for the final distribution.

TABLE 1

Switching times for nth approximate control minimum time problem.

n t ty t3 ts ts te t7

1 0.50536 1.8235

2 0.20163 1.2696 1.6941 2.6462

3 0.10098 0.79505 1.0855 1.9731 2.2622 2.8960

4 0.06000 0.53088 0.74085 1.4284 1.6655 2.3523 2.5615
5 0.04000 0.37700 0.53502 1.0738 1.2651 1.8490 2.0413
8 0.02412 0.23328 0.33370 0.68560 0.81389 1.2159 1.3534
n £ to tio i hz f3 fia

1

2

3

4 2.9960

5 2.5798 2.7365 3.0465

8 1.7680 1.9054 2.3072 2.4354 2.7867 2.8869 3.0822

As a final remark we observe that the numerical solution of problem (II) can be
handled with only minor changes. Namely, we construct an approximating sequence
of controls u”, where u” minimizes

n 7 . m . T 12
@5) 3% |+ T gk ATV umar-yl], ul=
j i=1 0

=1 k=1
i=1,2,-++,m, and y’i" =(y1, ¢jx). For this problem the theorem of Halkin [10]
automatically guarantees u” may be taken bang-bang and finite switching (of course,
no controllability assumptions are needed here), and the same assumptions as in
Theorem 3.1 guarantee uniqueness of the switching times. Accordingly, when we
evaluate the integrals in (4.5) in terms of these switching times (c.f., (3.5)), (4.5)
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2.0
INITIAL DISPLACEMENT

1.8 1
1.6 A
1.4 1
i 1.2 4
=
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&
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8
< 0.6
=
12 0.4
@)

F1G. 1. Wave displacement at final time for min. time problem (n =1, 3, 4).

becomes a minimization of a sum of squares of functions of the switching times. This is
just a problem of the type P4, except now the final time is fixed.

For instance, when we take the previous example with y; =0, and the switching
times of u" be {¢;, -+, t, T}, u” can be computed from the unconstrained minimiza-
tion,

Pi:  minimize fi(y)’+ - - +F ()’ + )+ - - + Ealy)’
y= (Y1, ttt, )’s), Where

ff(Y)=fo)ﬂ:<:j—l)j)[1—2 cos (jyi)+ - -+ +2(=1) cosj(yi+ -+ +y2)

+(=1)""" cos (j T)]
. N a2 Y =1 . .
G0)=— 04 =(=)2sin GyD+ - +2-1sinj 6+ +9)
+(—1) sin (j T)]
j=1,- -+, n. The switching times of u" are then calculated from
t1=y§

2
t2=y1+y§

=yl +ys+ - 4yl

With the previous initial conditions Qg and Q; =0, the switching time for n =8,
and various final times 7, are given in Table 2 and Fig. 2.
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TABLE 2

Switching times for n = 8 fixed time problem.

T t 23 t3 ta ts te t; tg to to

2.0 0.164 0.475 0.609 0.906 1.040 1359 1475 2.000

2.5 0.105 0.414 0.530 0.838 0.968 1351 1505 1.905 2.031 2.500

3.0 0.030 0.266 0377 0.766 0.908 1.348 1.498 1950 2.100 2.537 2.674 3.000
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FIG 2. Wave displacement for fixed time problem at various final times (n = 8).
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STRONG STABILIZABILITY OF LINEAR CONTRACTIVE
CONTROL SYSTEMS ON HILBERT SPACE*

N. LEVANt anND L. RIGBY#

Abstract. Strong stabilizability of linear “‘contractive” systems on Hilbert space, that is those systems
denoted by (A, B) and described by the equation x = Ax + By, in which A generates a semigroup of Hilbert
space contraction operators, is studied. Necessary and sufficient conditions are given, which are shown to
depend on controllability of the system (A, B), and that of (A*, B) also. Our technique is based on some
rather simple properties of invariant and reducing subspaces of Hilbert space operators, and on a canonical
decomposition of contraction semigroups due to B. Sz-Nagy and C. Foias.

1. Introduction. Given a system (A, B), that is the equation
X =Ax+Bu

on some abstract space, the problem of finding a state feedback operator F: u = Fx, so
that the feedback system (A + BF, B) is stable in a suitable sense, is called the
stabilizability problem. Such a problem was considered by R. Datko [1] and M.
Slemrod [2a], [2b] for the case of Hilbert space, and by R. Triggiani [3] for the Banach
space case. In [2b] Slemrod studied the case in which A generates a strongly con-
tinuous semigroup of contraction operators. He obtained, among other results, con-
ditions for strong stabilizability of unitary groups, and for weak stabilizability of
contraction semigroups. Recently R. E. O’Brien [4] and C. D. Benchimol [5] also
studied weak stabilizability of contraction semigroups. Their methods were quite
different from those of Slemrod.

This paper will study only strong stabilizability of contractive systems on Hilbert
space. The main feature of our work is that, for these systems, controllability prop-
erties of the systems (A, B) and (A*, B) play an equally important role in the
problem. This was not pointed out before.

In § 2 we give some basic facts about the controllable and uncontrollable sub-
spaces of the systems (A, B) and (A*, B). Section 3 will be concerned with some basic
properties of contraction semigroups, and with the canonical decomposition of these
semigroups. This decomposition will be the basic tool for our stabilizing procedure,
which will be given in § 4.

2. Mathematical preliminaries. All spaces that we deal with will be separable
complex Hilbert spaces with inner product [-, -] and norm || ||. Operator will always
mean linear, but not necessarily bounded Hilbert space operator, while semigroup will
always be a (Cop) strongly continuous semigroup of bounded linear operators over a
Hilbert space [6].

By a system (A, B) on a Hilbert space H we mean the state-control equation

(2.1) x=Ax+Bu

where x belongs to H—the state space—and u belongs to U—the control space. The
operator A is closed with dense domain 2(A) in H, and it is always taken to be the
generator of a (Cy) semigroup, denoted by [T(¢); t = 0], over H.

* Received by the editors July 20, 1977, and in revised form March 7, 1978. This work was supported
in part by the National Science Foundation under Grant Eng 75-11876.

t Department of System Science, University of California, Los Angeles, California 90024.

f Department of Computing and Control, Imperial College, London SW7 2BZ, Great Britain.
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By a feedback operator F we mean a bounded linear operator from H to U,
defined by u = Fx. Consequently, the feedback system (A + BF, B) is characterized by
the equation

2.2) Xx=(A+BF)x+Bu
where, of course, (A+ BF) is also the generator of a (Cy) semigroup, denoted by
[S(¢); t=0], on H [6].
Consider the “mild” solution [6] of (2.1):
t
2.3) x(t)=T()x (0)+J T(t—0o)Bu(o) do, t>0,
0

for x(0) in H. Following [6], given x(0)= 0, a state x in H is called controllable if for
an £ >0, there is a u(-) in L,[(0, t); U] so that

<g forsomet>0.

X - J: T(t—o)Bu(o) do-l

Thus, the set of all controllable states of (A, B), denoted by M., is [6]

2.4) M. = :L>Jo T(t)BU
where, as always, denotes the closure.

The orthogonal complement in H of M., denoted by M, is then a set of
uncontrollable states of the system, and

2.5) M,.= ‘QO Ker [B*T (t)*].

If M. = H, equivalently, M,.={0}, then (A, B) is said to be (approximate) con-
trollable on H. A subspace M of H is said to be controllable for (A, B) if M = M..

Clearly M. is a closed subspace of H and it is invariant for [T (¢); t = 0], T(t)M. <
M. for all t =0. Similarly, M, is invariant for [T (¢)*; t = 0].

We associate with (A, B) the “adjoint system” (A*, B):

(2.6) y =A*y+ Bu.

Then since A generated [T (¢); t = 0], its adjoint A* generates the adjoint semigroup
[T(¢)*; t = 0]. We have for (A*, B)

@7 My.= U T(t)*BU
and
(2.8) Myy.= :Do Ker [B*T (¢)].

M, is now invariant for [T (¢)*; t = 0] while M, is invariant under [T'(¢); t = 0].

It is clear from the above that BU is contained in M. and in M. Therefore M,
and My, are subspaces of Ker B*. We now prove

LemMA 2.1. (i) Any proper subspace of Ker B* which is invariant for [T (¢)*; t=
0] (resp. [T (¢); t = 0]) is contained in M. (resp. My..). Equivalently M, (resp. M) has
no proper subspace containing BU and is invariant for [T (t); t = 0] (resp. [T (¢)*; t = 0)).

(i) Any reducing subspace of [T(t); t =0] in Ker B* is contained in My, N\ My,..
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Proof. Suppose M, is not trivial, i.e., the system (A, B) is uncontrollable. Let
M cKer B* be invariant for [T(t)*; t=0]; then T(¢)*M < M < Ker B¥ for all t=0.
Hence

[T(t)*M, BU]=0=[M, T(t)BU], t=0.

Therefore M L M, which implies that M < M,,.. The proof is similar for M < Ker B*
and is invariant under [T'(¢); t = 0].

For the equivalent statement we have only to note that if N is an invariant
subspace of [T(t); t=0] and M.> N > BU, then M,.< N* < Ker B* and N is invar-
iant for [T(¢t)*; t = 0]. But this contradicts the previous assertion. This completes the
proof of part (i).

Part (ii) is an easy consequence of part (i).

It is clear from the above that we have

THEOREM 2.1. The system (A, B) (resp. (A*, B)) is uncontrollable if and only if
[T ()*; t=0] (resp. [T(t); t Z0]) has an invariant subspace in Ker B*.

Finally, we recall the following definitions which will be needed in subsequent
sections.

DEFINITION 2.1. A system (A, B)is said to be s(strong)-stable if: T(t)x -0, t > 0,
for all x in H.

If (A, B) is not s-stable and if a feedback F can be found so that the system
(A + BF, B) is s-stable, then (A, B) is said to be s-stabilizable.

3. Contractive systems. We study in this section some basic properties with
respect to s-stabilizability of contractive systems.

A system (A, B) is called contractive if its operator A generates a semigroup of
contraction operators, or simply a contraction semigroup.

First, let us recall the following important properties of contraction semigroups,
due originally to R. S. Phillips [7].

LeMMA 3.1. Let [T(t); t =0] be a semigroup on H, with generator A. Then,

() [T(t); t=0] is a contraction semigroup: | T(¢)|=1 forall t =0, if and only if A
is dissipative: Re [Ax, x] =0 for all x in D(A), and furthermore it does not admit any
dissipative extension in H. Hence A is called maximal dissipative.

(@ii) [T(t); t=0] is an isometric semigroup: ||T (t)x||=|x| for all t=0 and all x in
H, if and only if A is maximal dissipative and Re [Ax, x]=0 for all x in D(A).

(iii) [T'(¢); t=0] is a unitary semigroup—or what amounts to the same thing
[T(t); —0 <t <] is a unitary group—| T (t)x|| = ||x|| = | T (¢)*x|| for all t = 0 and all x in
H, if and only if A is skewadjoint: A =—A¥*,

We now recall the notion of a completely nonunitary (cnu) semigroup of B,
Sz-Nagy and C. Foias [8].

DEeFINITION 3.1. A semigroup [T(¢); t =0] on H is cnu if for each nonzero x in H
there is a t> 0 such that, either || T(¢)x| # ||lx|| or | T(¢)*x| # ||x||.

It is evident that the only subspace which reduces a cnu semigroup to a unitary
one is the trivial subspace {0}.

The following canonical decomposition of contraction semigroups of Nagy and
Foias will be the main tool of this paper.

THEOREM 3.1 [8], [9]. To every contraction semigroup [T (¢); t = 0] on H, there are
reducing subspaces H...(T) and H,(T) such that:

(31) H=chu(T)@Hu(T)
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uniquely. Hence [T (t); t = 0] admits the decomposition
3.2) T(t)= Tenu(®)® Tu(t), t=0,

where Teou(t) = T (t)|p oy is cnu and Ty(t) = T (t)|mycr) is unitary.
H(T) is the maximal reducing subspace on which the semigroup is unitary, and

(3.3) Hy(T)={xin H; |T(t)x|| = |lx| =T (#)*x], t>0}.

It follows from this theorem that we have

CorOLLARY 3.1. () A contraction semigroup [T(t);t=0] and its adjoint
[T(¢)*; t = 0] can either be both cnu or both unitary.

(ii) The subspaces D(AYNHL(T) and D(A*YNH(T) are dense in H,(T), and
DAYNH(T)=D(A*YNH(T).

(iii) If M is a reducing subspace of [T (t); t = 0], then the semigroup is unitary on M
if and only if

3.4) Re [Ax, x]=0=Re[A*x, x], xin@A)NM.

Proof: Part (i) is trivial. We only have to note that [T'(¢)*; ¢ = 0] is also a contrac-
tion semigroup, and H,(T)= H,(T*), by (3.3).

For part (ii), from the canonical decomposition (3.2), T,(¢) is the restriction of
T (¢) to its reducing subspace H,(T); hence the subspace @ (A)N H,(T) is the domain
of A|m,ry Which in turn is the generator of T,(¢). Hence 2(A)N H,(T) is dense in
H,(¢). The proof is similar for the subspace 2(A*)N H,(T). Next, since [Tu(¢); t=0]
is unitary on H,(T), therefore A|w,ry=—A*|u ) by Lemma 3.1(iii). Consequently
D(A)N Hy(T) is identical to D (A*)N H,(T) as expected.

Finally, part (iii) is just a direct application of Lemma 3.1(iii) to the semigroup
[T(#)|m; t=0].

Remark. 1t is clear that D(A)N Heno(T) and D(A*) N Heno(T) are also dense in
H...(T). However, they are not in general identical. Also, we do not have in this case
the equivalent of Corollary 3.1(iii). For example, for an isometric semigroup, we
always have |T(¢)x|=|x|, t=0 and x in H, while |T(¢)*x|#|x|, =0 and x in
HCI’IU(T)'

It is evident from the above that, if the subspace H,(T) of a system (A, B) is not
trivial, then of course both (A, B) and (A*, B) can never be s-stable! Thus the very
first step in s-stabilizing contractive systems should be that of ‘“converting a contrac-
tion semigroup into a cnu one, by means of a suitable feedback operator.” This is what
we are going to discuss next.

THEOREM 3.2. Let [T(t); t = 0] be a contraction semigroup on H with generator A,
and B be a bounded linear operator from U to H. Then,

(i) A —BB* generates a contraction semigroup [S(¢); t =0] (say) on H, and

(ii) Hu(S)c H.(T)NKer B*.

Proof. Part (i) is trivial. We only have to note that A — BB* generates a (Co)
semigroup which is also contractive, since A is maximal dissipative by Lemma 3.1(i),
and —BB* is bounded dissipative. In fact it is a negative operator on H.

To show part (ii), since [S(¢); t = 0] is unitary on H,(S) and 2(A —BB*)=9(A),
we have

Zi‘itusa)xn2 =0=2Re[(A—BB*)S()x, S(t)x], t=0, xinD(A)NH.S)
or
Re [AS(t)x, S()x]=|B*S()x|?,  t=0, xin D(A)N Hu(S).



STRONG STABILIZABILITY 27

But if x is in 2(A), S(¢)x, t=0, lies in D(A), and since A is dissipative, this last
equation implies that

(3.5a) Re [AS(t)x, S(¢)x]=0, t=0, xin@A)NHS)
and
(3.6a) B*S(t)x =0, t=0, xinP(A)NHS).

Similarly, from (d/dt)||S(¢)*x|* and since Z(A)N Hu(S) = Z(A*)N H,(S) by Corollary
3.1(ii), we obtain

(3.5b) Re [A*S(t)*x, S(t)*x] =0, t=0, xinPA)NH,S)
and
(3.6b) B*S(t)*x =0, t=0, xin@D(A)NHS).

It then follows from (3.6a) that H,(S) < Ker B*, since Z(A)N H,(S) is dense in H,(S).

It remains to show that H,(S)< H,(T). This can be seen in two different ways.
First, on D(A)NH,(S)<Ker B* we have A—BB*=A. Hence S(t)x = T(t)x and
S(t)*x = T(t)*x, for t=0 and x in H,(S), again by the denseness of D(A)N H(S).
These then imply that the subspace H,(S) also reduces [T(¢); ¢t = 0] since it already
reduced [S(7); t = 0]. Consequently, by (3.5a), (3.5b) and Corollary 3.1(iii), [T'(¢); t =
0] is unitary on Hy(S}—or better still, by the fact that [S(¢); t = 0] is already unitary on
H,(S). Thus H.(S)< H.(T) by the maximality property of H,(T) from Theorem 3.1.
This completes the proof.

Another way of showing that H,(S)< H.(T) is to use (3.6a) and (3.6b) in the
following identities [6]:

t

(3.7a) S)x=T(t)x —I T(t—0)BB*S(0)x do

0
t

(3.7b) SEO*x=T(@)*x —I T(t—o)*BB*S(0)*x do.
0
Then we obtain as before, S(t)x = T(¢)x, and S(¢)*x = T(¢)*x, for t=0 and x in
D(A)N Hy(S), hence for x in H.(S).
Remark 1. The subspace Ker B* is also the unitary subspace H,(R) of the

selfadjoint contraction semigroup [R(¢)= e 22"'; t = 0]. To see this we use (3.4)

Re [-BB*x, x]=—|B*x|’=0, xin @(BB*)NH.(R)=H.(R)

which implies that H,(R)< Ker B*. On the other hand, it is evident that ¢ 2% 'x = x
for t =0 and for all x in Ker B*. This implies that Ker B* reduces [R(¢); t=0] to a
unitary semigroup; hence H,(R)=Ker B*; therefore H,(R)=Ker B* as expected.
This certainly makes sense since —BB* is selfadjoint; the only subspace of H on which
—BB* can be skewadjoint is either {0} or Ker B*.

Remark 2. It can be easily seen that Theorem 3.2(i) holds for any dissipative
operator C, instead of just for —BB*. If C is also selfadjoint, then —C is positive. In
this case we also have as in Remark 1, H,(S)< H,(T)NKer C, where Ker C is again
the unitary subspace H,(R) of [R(t)=¢“"; t=0].

If C is just dissipative, then besides (3.5a) and (3.5b), we have

Re [CS(t)x, S(t)x] =0, t=0, xin@(A)NHLS)
Re [C*S(¢)*x, S(¢)*x]=0, t=0, xin 2(A)NHL(S)
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instead of (3.6a) and (3.6b).

Thus, by Corollary 3.1(iii), if the subspace H,(S) reduces [T(t);t=0] and
[R(¢); t=0], then these semigroups are unitary on H,(S) and therefore H,(S)<
Hu(T)N Hy(R).

Applying Theorem 3.2 to contractive systems, we have

ProrosITION 3.1. Let (A, B) be a contractive system on H. Then the system
(A —BB*, B) is a cnu contractive system if any one of the following conditions holds:

(i) The range space BU is dense in H. [Condition C1]
(i) The unitary subspace H,(T) is controllable for (A, B) or for (A*, B), i.e.,
H(T) is contained in M. or in M. [Condition C2]

(iii) (A, B) and (A*, B) do not admit any common uncontrollable states, or if they
are controllable. [Condition C3]

Proof. We have from Theorem 3.2(ii)

H.(S)< Ho(T)NKer B*.

Hence H,(S) is a subspace of Ker B*, It also reduces [S(t); ¢t =0], and since con-
trollability is invariant under any bounded feedback—i.e., (A, B) and (A + BF, B)
share the same controllable states [6]—we also have H,(S)< M,.N M,,. by Lemma
2.1(ii). Hence H(S)< Hu(T)N My N M. This can also be seen from (3.6a) and
(3.6b), i.e.,

B*S(t)x =0, t=0, xinD(A)NHS)
B*S(t)*x =0, t=0, xinPA)NHS).

Thus from the definitions of M, and M., equations (2.5) and (2.8), the above imply
that Z(A)NH,(S)s M, and D(A)NH,(S)<S M,... Hence, by the denseness of
D(A)YN H(S), we have H,(S) < M,.N M, as expected. This completes the proof of
the proposition.

We note from the above that if H,(T) is a subspace of BU, then H,(S) is also
trivial. But this implies that H,(T') is controllable for (A, B) or for (A*, B)—which is
condition (ii) of the proposition.

We conclude the section by noting that if [T'(¢); ¢t = 0] is a unitary semigroup, then
H,(T)=H, and by Lemma 1.1(iii), A = —A*. Hence H,(S)< M., and we state

ProposITION 3.2. If (A, B) is contractive and [T (¢t); t = 0] is unitary, then (A —
BB*, B) is a cnu contractive system if the system (A, B) is controllable.

4. Strong stabilizability of contractive systems. Using the results of § 3 we now
show a procedure for s-stabilizing contractive systems.

As in the above, let (A, B) be a given contractive system with A generating a
contractive semigroup [T(¢); t =0] on H. Let M(T) be the set of s-stable states of the
system,

4.1 M(T)={xinH; T(t)x >0, t >0},

Then clearly M(T) is a closed invariant subspace of [T(f); ¢=0]. Furthermore
the semigroup [T'(¢); t=0] is cnu on M(T), and from Theorem 3.1 we must have
M(T)< H...(T'). We now find conditions for semigroup to be s-stable on H,.(T).
Now, since [T'(¢); t=0] is a contraction semigroup, | T(¢)x|* is a nonincreasing
function of ¢ Therefore lim | T(t)x|?, t-> oo, always exists. It then follows that the
positive contractions T (¢)* T'(¢) for ¢ >0 converge in the strong operator topology to a
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positive contraction P say,

4.2) P*= lim T@)*T(¢).

Similarly, let
4.3) Q= lim T(5)T(1)*.

Then, it follows that

4.4) I1Px|[* = lim | T (e)x]

4.5) lox|* = lim IT@)*x|?

and for all t =0,

(4.6) T(t)*P*T(t)= P>

4.7 T()Q*T()* = Q%
We prove

THEOREM 4.1. The contraction semigroups [T(t); t =0] and [T (¢)*; t = 0] over H

are s-stable on Heoo(T ) (= Heno(T™)) if and only if P=Q is a (orthogonal) projection
on H.

Proof. Suppose that P=Q = P>, Then for any x in H, let y =x — Px; we have
Py = Qy = Px — P*x = 0. Therefore

IPyIP =10yl = 0 = lim | T(0)yIF = lim [T (1)*yIP

which shows that
(I-P)H ={y in H; T(t)y >0, t > o}
={yinH; T(t)*y >0, t >0},
Hence (I —P)H = M(T)= M,(T*), consequently it reduces [T(¢); t=0] (to a cnu
semigroup). Then so does its orthogonal complement PH. We therefore have
4.8) T@P=PT(t), fort=0
4.9) T)*P=PT(t)*, fort=0.
Combining (4.6), (4.7), (4.8) and (4.9) we find, for all t=0:
[T()P]*[T(t)P]=P>=P
[T()P][T(t)P)*=P>=P.
Hence the semigroup [T'(¢); t = 0] is unitary on PH, while it is cnu on (I — P)H. From
the uniqueness of the Nagy-Foias canonical decomposition we conclude that (I — P)H
(=M(T)=M|(T*))= Henu(T) and PH = H,(T). The semigroups [T(¢); t=0] and
[T (t)*; t= 0] are therefore s-stable on Heno(T).
Conversely if Heau(T)=My(T)=M(T*), then Px=Qx =0 for x in He,u(T).
Moreover, from the definition of H,(T) and from (4.4) we find |Py| =|ly|| for all y in

H(T). This of course is equivalent to Py =y, since P is a positive contraction.
Similarly, Qy =y for all y in H,(T). Therefore, since H...(T)L1 H,(T), P and Q are
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indeed orthogonal projections with range H,(T). This completes the proof of the
theorem.

We note that when [T'(¢); t = 0] is normal, T ()T (¢)* = T(t)*T(¢t) for t=0. Then
P=Q and of course M(T)=M,T*). Furthermore, from the spectral theory of
normal operators [10] we have readily Heno(T) = M(T) = My(T*). Hence, we have

CoOROLLARY 4.1. A normal contraction semigroup [T (t);t=0] is s-stable on
Hu(T) and P = Q is the projection with range H,(T).

We are now ready to state our first s-stabilizing result.

THEOREM 4.2. A contractive system (A, B) whose semigroup [T(t);t=0] is
normal, and D(A)= D(A*), is s-stabilizable by the feedback —B*

(i) if any one of the Conditions C1, C2, or C3 of Proposition 3.1 is satisfied, and

(ii) only if H,(T) is controllable for (A, B) or for (A*, B).

Proof. First, we note that if [T'(¢); t = 0] is normal and 2 (A)= P (A¥), then so is
the semigroup [S(¢); t = 0] generated by A —BB*. To see this we use the fact that
[T(t); t=0] is normal &|T()x|*=|T)*x|?, t=0, x in H<Re [Ax, x] = Re [A*x,
x], x in D(A)=D(A*). Consequently, we have for [S(¢); t =0]

Re [(A — BB*)x, x]=Re [(A — BB*)*x, x], xin 2(A).

Hence [S(¢); t = 0] is also normal.

Now if the conditions of Proposition 3.1 are satisfied, then [S(¢); ¢ =0] is a cnu
normal contraction semigroup. Hence by Corollary 4.1 it is s-stable, i.e. (A, B) is
s-stabilizable.

Suppose now that the system (A — BB*, B) is s-stable. Then since [S(¢); t = 0] is
normal, the adjoint semigroup [S(¢)*;¢=0] is also s-stable when [S(¢); t=0] is s-
stable. Using (2.5) in (3.7b) we have T(¢)*x = S(¢)*x, t =0, x in M,.—which is just the
fact that controllability is invariant under feedback [6]. Hence, from the above, and by
assumption we can conclude that T(¢)*x -0, ¢t > o0, for all x in M,.. That is, M,.S
Heo(T)e Hy(T) < M.. Similarly, M. S Heau(T) Hy(T) < M. This completes the
proof.

Theorem 4.2 holds in particular for selfadjoint contraction semigroups. In this
case M.=M,.; therefore we have

COROLLARY 4.2. A contractive system (A, B) with [T(t);t=0] selfadjoint is
s-stabilizable by the feedback —B*, if and only if H,(T) is controllable for (A, B).

This result was given by Benchimol in [5] using weak stability properties of
contraction semigroups.

Let us now s-stabilize the contraction semigroups which satisfied Theorem 4.1.
First we prove

Lemma 4.1, If [T(¢);t=0] and [T(2)*;t=0] are s-stable on Hcnu(T), then
[S(t); t = 0] generated by A —BB* and [S(¢)*; t =0] are s-stable on H_..(S).

Proof. Let P? be as in Theorem 4.1 and define

J= lim S(¢)*S(¢)
K*= lim S(1)S(1)*.

Then since H,(S) (c H.(T)NKer B*) reduces [T(¢);t=0], S(t)x =T()x, and
S(t)*x = T(¢)*x, for t=0 and all x in H,(S), by Theorem 3.2. It is evident that
J*x =P*’x=K?x, forxin H.(S).

Now, by assumption and by Theorem 4.1, P is the orthogonal projection with range
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H,(T). Thus the above implies that

4.10) J?x=K?x=x, forxin HyS).
Again, as in the proof of Theorem 4.1 we also have
4.11) Jx=Kx =1x, forxin H(S).

Equations (4.10) and (4.11) and the fact that J and K are positive imply that these
operators are projections with range H,(S). Thus by Theorem 4.1, the lemma is
proved.

Combining this lemma and Theorem 4.1, we have

THEOREM 4.3, If for the semigroup [T (t); t = 0] of a contractive system (A, B)

H. . (T)={xinH,;, T(t)x>0,t->0c0}
={xinH; T({t)*x >0, t > 00},

then the system is s-stabilizable by the feedback —B*

(i) if any one of the Conditions C1, C2, or C3 is satisfied, and

(ii) only if Hy(T) is controllable for (A, B) or for (A*, B).

Proof. The proof is the same as that of Theorem 4.2 and will be omitted.

Remark. It is of interest to note that in Theorems 4.2, 4.3 and Corollary 4.2, the
subspace H,(T) can be regarded as a set of “s-unstable states” of (A, B). Thus
controllability of this set is necessary and sufficient for s-stabilizability of the system.
This is an analogue of the well known finite dimensional result of Wonham [11],
namely, a finite dimensional state space system is stabilizable if and only if its unstable
modes are controllable. For w(weak)-stabilizability of contractive systems, another

analogue of Wonham’s result was obtained by Benchimol [5]. For a contractive system
(A, B) define

M, (T)={x in H; T(t)x > 0 weakly, ¢t > co}.

Then it was shown in [5] that controllability of the w-unstable states M, (T)" is
necessary and sufficient for (A, B) to be w-stabilizable by the feedback —B*. This was
obtained by means of a result of Foguel [14], namely, for a contraction semigroup
[T(t); t=0], Mo(T)* = M,(T*)" and it reduces the semigroup to a unitary one; hence
M,(T)" < Hy(T) by the Nagy-Foias theorem. It is evident from this and from our
results above that if M,(T)" = H,(T) then w-stabilizability and s-stabilizability are
equivalent. This is indeed the case when T'(¢) is selfadjoint and when its generator A
has a compact resolvent, as is shown in [5] using semigroup theoretic techniques. Our
Corollary 4.2 is equivalent to Corollary 3.2 of [5], except that there M,,(T )—which in
fact becomes H,(T) as soon as the semigroup is selfadjoint— was required to be
controllable. Our results were obtained by means of Theorem 4.1, and in fact there
are no results in [5] which are equivalent to Theorems 4.2 and 4.3. We further note
that in both Theorem 4.2 and Theorem 4.3 controllability of (A*, B) also plays a role
in s-stabilizability of the system. This is something which does not occur in the finite
dimensional case.

In the above we considered the class of contraction semigroups which together
with their adjoints were s-stable on the cnu subspace. Now let us consider the case in
which only the semigroup itself is s-stable on this subspace. We prove,

LEMMA 4.2. A contraction semigroup [T(t); t=0] on H is s-stable on Heo(T) if
and only if [T(t)*; t = 0] is a semigroup of .isometries on H.
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Proof. Suppose that [T(¢)*;t=0] is isometric. Then of course T(:)T(¢+)*=1,
t>0, and the operators T(£)*T(t), t>0, are orthogonal projections with ranges
T (¢)*H. Therefore from (4.2)

P’= lim T(t)*T (£)=P.

Thus as in the proof of Theorem 4.1
(I-P)H ={yinH; T(t)y >0, t > co}.

This shows that PH is invariant for [T(t)*; ¢t =0]. From (4.6) and the fact that the
adjoint semigroup is isometric, we find PT(¢)= T (¢)P, ¢t >0. Thus P commutes with
T(t), and therefore with T'(¢)* also. Hence PH is reducing for [T (¢)*; t = 0]. Then as
in the proof of Theorem 4.1, [T (¢)*; t = 0] is unitary on PH, while for x in (I — P)H,
T ()*x||=]x| and || T (¢)x]|| # ||x|| for all > 0. Hence [T(¢)*; t = 0] is cnu on (I — P)H, so
that

Heoo(T) = Heao(T*)= (I —P)H ={y in H; T(y)~>0, t > o0}

and one half of the theorem is proved.

For the other half, it is well known that if [T'(¢); = 0] is s-stable on H,,(¢), then
T ()| a1, 18 unitarily equivalent to the backward translation semigroup [12]—which
is the adjoint of a semigroup of isometries called the forward translation semigroup.
This together with the Nagy-Foias decomposition of [T (¢); t = 0] completes the proof
of the lemma.

This lemma suggests that for this class of semigroups, if a feedback F can be
found so that A + BF will generate a contraction semigroup [S(¢); ¢t = 0] whose adjoint
[S(¢)*; t=0] is isometric, then as in the previous cases, the s-stabilization problem
simply becomes that of ““trivializing” the subspace H,(S).

It follows from Lemma 3.1 that [S(¢); t=0] is contractive if BF is dissipative,
equivalently if —(BF + F*B*) is positive. Then [S(¢)*; t Z0] is isometric if and only if
Re [(A+BF)*x,x]=0 for x in Z(A*) by Lemma 3.1(ii), therefore, if and only if
BF =—F*B¥*, since Re[A*x,x]=0 for x in @(A*). This shows that the feedback
F = —B* will not work in this case! However we have,

THEOREM 4.4. Let (A, B) be a contractive system such that A* generates an
isometric semigroup [T (t)*; t=0). Then

(i) A—iBB* generates a contraction semigroup [S(t);t=0] whose adjoint
[S@)*; t= 0] is isometric;

(ii) if neither (A, B) nor (A*, B) is controllable and if H.(S) is contained in
Ker B*, then (A, B) is s-stabilizable by the feedback —iB*

a) if H,(T) is controllable for (A, B) or for (A*, B), and

b) only if H,(T) is controllable for (A*, B).

Proof. Part (i) is trivial.

For part (ii), we note that the operator —iBB* is dissipative and skewadjoint.
There from the second remark following Theorem 3.2, if H,(S) reduces [T(¢); t =0]
and [R(t)= e "P%"; = 0), then Hu(S)< Hu(T)N Hy(R). The semigroup [R(¢); t = 0]
in this case is clearly unitary on all of H, so that H,(S)< H.(T).

Now if H,(S) is a subspace of Ker B*, then H.(S)< M,.N My, by Lemma
2.1(ii). But as we have seen in the proof of Theorem 3.2(ii), H,(S)< Ker B* also
implies that H,(S) is a reducing subspace of [T(¢); t = 0]. Therefore H,(S)< Ker B*=>
H,(S)< Hy(T)N M,.N M, gives sufficient proof. The necessary proof is the same as
that of Theorem 4.2.
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Finally we close the section with some illustrative examples. Consider the heat
equation
ox 8°x .
3?252-2, lin[0,27], t>0
x(0)=x2w), X0)=%Q2m).
Let H = L,[0, 27], A =°/6°¢ and
P(A)={x in H; x, X absolutely continuous, ¥, £ in H,
and x(0)=xQ27), ¥(0)=XQ27)}.
Then A is selfadjoint and dissipative on &(A) [6]. Hence it generates a selfadjoint
contraction semigroup [T (¢); ¢t = 0] which is given by
Tt)x=Y e "[x, ¢uldn ¢n=e"/V27, t=0andxinH.
Let us characterize the subspaces H,(T) and H..,(T). We have
ITOxl= T e>"|lx, $ul* =TI, r20.

Therefore,

Hy(T)={¢o}
and
Heoo(T)=span {¢,, n =+1,£2,- - -}.
Thus the system is s-stabilizable by a feedback —B* as soon as the state ¢y is
controllable. Let B be an element b({) of H. Then
M,.={xinH;[T()b,x]=0,t=0}
and b* is a bounded linear functional on H. Thus let [S(¢); = 0] be the semigroup
generated by A —bb*: (A —bb*)x = Ax —b[x, b], x in D(A). Then
H.(S)<{do}N{x in H;x L T(¢)b, t=0}.

Therefore if [T ()b, po] #0, t =0, then H,(S) is trivial. But this also implies and is
implied that ¢, is controllable. Thus any element b of H such that [b, ¢o] # 0 will
result in an s-stabilizing feedback —b* for the system (A, b).

As a second example, consider the equation

ax 0x 3
5——'5, {1n[0,27'r], t>0
x(0)=x(2m),

again with H = L,[0, 27], A =—d/4¢{ and
PD(A)={x in H; x absolutely continuous, ¥ in H and x(0)=x(27)}.
Then A =—A* and [T(¢); t = 0] is therefore unitary and is given by
in{

T(x)=Y e™[x, ¢nldn, bn = ¢ , t=0andxinH.

3
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Let us now reduce [T'(¢); t=0] to a cnu contraction semigroup. As in the previous
example, let B be an element b(¢) of H. Then for the semigroup [S(¢); t = 0] gener-
ated by A —bb*, we have

H,(S)sM,.={xin H;[T(t)b, x]=0, t =0}.

Hence if (A, b) is controllable then H,(S) is trivial, i.e., [S(¢); ¢ = 0] is cnu. We have
[T(t)b, x]=Y"0 e™[b, ullx, ¢n]. Therefore, if [b, ¢n]# O for any n, then [T(£)b, x] =
0, =0 implies [x, ¢,] =0 for all n, i.e., x =0, and (A, b) is indeed controllable [13].

The reduction of a unitary semigroup to a cnu contraction one, as shown in this
example, is also applicable to other complicated situations. For instance, for the wave
equation with homogeneous Dirichlet boundary conditions:

0 I
.= A=
*=Ax, [A 0]

where A is the Laplacian. If  is a bounded smooth domain of R" and H = H,(Q)®
Ho(Q), then A is skewadjoint on @(A)={H,(Q)N H,(Q)}® H,(Q). Hence it gener-
ates a unitary semigroup on H. This was considered by Slemrod in [2b]. According to
his Theorem 3.6, if (A, B) is controllable, A has compact resolvent and generates a
unitary semigroup. Then the system is s-stabilized by the feedback —B*. The wave
operator A does indeed have a compact resolvent and therefore the system is s-
stabilizable as soon as it is controllable. It is of interest to note that controllability in
this case implies that A —BB* generates a cnu contraction semigroup. Then by a
theorem of Foguel [14], the cnu contraction semigroup is also weakly stable. Hence, if
A is compact then this implies s-stabilizability. For weak stabilizability of contraction
semigroups using Foguel’s theorem we refer to [4] and particularly [5].

Finally, although we study only s-stabilizability of contractive systems as stated in
the Introduction, it is of interest to note that the heat equation example is also
exponentially stabilizable [3] and so is the wave equation example [5].

S. Conclusion. We have seen in this paper the important role of the Nagy-Foias
canonical decomposition in the s-stabilization problem of contractive systems. Indeed
an s-stable contraction semigroup is necessarily cnu.

Proposition 3.1 showed that a contraction semigroup can be reduced to a cnu one
by means of the feedback —B*. It was here that controllability of (A, B) and (A*, B)
came into play. This is due to the fact that the unitary subspace H,(T) is invariant for
the semigroup, as well as for its adjoint. Proposition 3.2 explains why for unitary
semigroups, the system has to be controllable before it can be stabilizable. This agrees
with a result established by Slemrod [2b]. Indeed controllability in this case is to insure
that A — BB* will generate a cnu contraction semigroup, which together with Slem-
rod’s compactness condition, will also be s-stable.

In this paper we have avoided imposing any compactness condition, but instead
rely on the strong convergence property of contraction semigroups. This allows us to
s-stabilize a class of contraction semigroups which includes the normal and selfadjoint
ones as special cases.

Acknowledgment. We wish to thank the referees for their helpful comments and
suggestions.
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SOLVING THE NONLINEAR COMPLEMENTARITY PROBLEM
BY A HOMOTOPY METHOD*

LAYNE T. WATSON+

Abstract. Let F be a C map from n-dimensional Euclidean space into itself. It is proved that, under
some mild conditions on F, the complementarity problem z =0, F(z)=0, zF(z)=0 can be solved by a
homotopy algorithm developed by Chow, Mallet-Paret, Yorke, and Watson. The algorithm is globally
convergent with probability one, and uses Mangasarian’s nonlinear system equivalent to the complemen-
tarity problem. Convergence theorems for the algorithm simultaneously prove existence of a solution,
although existence is already well known. Some computational results are included.

Introduction. Let F be a map from n-dimensional Euclidean space E" into itself.
The (nonlinear) complementarity problem is to find a vector z in E" such that

z=0, F(z)=0, zF(z)=0;

i.e.,, z and F(z) are orthogonal and have nonnegative components. The nonlinear
complementarity problem and the linear complementarity problem, where F(z) is an
affine map, have been studied extensively, for example [5], [7], [9], [11], [15], [16].
Typically the linear problem is solved by algebraic methods based on ‘“‘complementary
pivoting” [7], [11], [15], and the nonlinear problem is solved by simplicial fixed point
methods [2], [3], [7], [10], [12], [13]. Murty [11] has shown that complementary pivot
methods can have exponential computational complexity, and Watson [15] showed
that they fail for many classes of problems. The simplicial methods of Eaves [2], [3],
Merrill [10], and Saigal [12] are reasonably efficient, when implemented properly, but
the supporting theory is rather complex.

Recently some completely different approaches to computing fixed points have
been advanced by Chow, Mallet-Paret, Yorke [1], Kellog, Li, Yorke [6], Li [8], and
Watson [17]. All these new approaches, though, require the function to be C' or C?,
and the standard formulation of the nonlinear complementarity problem as a fixed
point problem results in a function which is not even C' [10], [15]. However, there is a
very clever reformulation of the complementarity problem, due to Mangasarian [9], as
a zero finding problem

G(z)=0,

where G(z) can be made as smooth as desired. The intent of this paper is to show that
the complementarity problem can be solved by the homotopy method of Chow [1] and
Watson [17], by use of the equivalent formulation G(z)= 0.

The equation G(z)= 0 is useful only in a local sense, in that if an initial approxi-
mation to the solution Z is known, then locally convergent iterative techniques will
compute Z. If no good estimate of the solution is available, then the problem G(z)=0
is just a different, and equally hard, version of the complementarity problem. For the
linear complementarity problem F(z)= Mz +q, a good initial estimate amounts to
knowing which complementary cone [15] contains g, but this is tantamount to know-
ing the solution. The local nature of the nonlinear system G(z)= 0 is overcome by a
homotopy method: It will be proved that, under certain mild conditions, the Chow—
Yorke algorithm is globally convergent with probability one.

* Received by the editors August 27, 1977, and in revised form May 18, 1978.
T Department of Mathematics, Michigan State University, East Lansing, Michigan 48824.
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As a historical note, homotopy-type methods were applied to the linear
complementarity problem with moderate success in [15] and [16], but were not
extensively developed because sufficiently powerful theoretical tools (now provided
by Chow [1]) were not available then. See also Davidenko [18].

One-dimensional linear case. To motivate the general case and gain some insight
into homotopy methods, consider the one-dimensional linear case

zz0, mz+q=0, z(mz+q)=0,
where m and g are real numbers. z solves this linear complementarity problem if and
only if G(z)=0, where

G()=|mz+q—z’—(mz+q)* -2
This corresponds to taking 6(¢)=¢> in Mangasarian’s Theorem 1 [9]. 6(f)=¢> was
chosen because it is the simplest function which is strictly increasing, satisfies 6(0) =0,

and for which 6(|t]) is a C? function. Homotopy theorems typically require C>
differentiability [1], [17], and thus G(z) must be C*. Consider the following homotopy
map, which has a strong supporting theory [1] and is easy to work with:

®a(A, 2)=AG(2)+ (1 -2 )(z —a).
The idea is to track in A —z space the zero curve of ¢,(A, z) emanating from (0, a).
Hopefully this zero curve reaches a zero Z of G(z) (at A = 1) after traveling a finite

distance. The parametric equations A = A (s), z = z(s) of this zero curve, where s is arc
length, are defined by

?a(A(s),2(s))=0, 2(0)=0, z(0)=a.

Thus
a ax
dea(A(s), z(s)) ds ) ds
———— = DA, = —z+a,1-A+
s Dop,(A, 2) dz [G)-z+a,1-A+AG'(2)] dz
ds ds

=0, A(0)=0, z(0)=a.

For concreteness, take m =1, g =—1, s0 Do,(A, z)=[1-(z=1)~z>~z+a, 1-A +
A(=3(z—=1)*—32z%)]. Now dA/ds =0 when D,p,(A,z)=1-A+A(=62>+62—3)=0,
which happens at the curve z =(1+v(2—51)/(31))/2. By analyzing the signs of the
quantities involved, it is easily verified that this curve (see Fig. 1) contains the locus of
turning points for the zero curves of ¢,, and constitutes a ‘‘barrier” between A =0 and
A = 1. When any zero curve (except the trivial one starting at @ = 1) hits this barrier, it
turns back and slides along beside the barrier curve toward —co (if a <1) or o (if
a>1).

Observe that if the homotopy map uses —G(z) instead of G(z), then D,¢,(A, z)>
0 for any (A, z), 0=A =1. Therefore dA/ds is never zero, which means that the zero
curve does not turn back for any a. A straightforward analysis of the signs of the
various quantities shows that for every a the zero curve of ¢, reaches the solution
z=1.
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F1G. 1. Barrier curve (solid line) and zero curves (dashed lines) of ¢a(A, z).

The general nonlinear case. Let F: E" > E" be a C* map. Keep in mind that z
solves the complementarity problem

1) zz0, F(z)=0, zF(z)=0

if and only if
2 G(2)=0,
where
Gi(2)=|Fi(2)~zl'~ (Fi(z))’ - zi.
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This corresponds to taking 6(¢) = ¢> in Mangasarian’s theorem 1 [9]. Let

(3) H(z)=-G(z)
and
) Pa(A, 2)=AH(2)+(1—-A)(z —a).

The use of H(z) instead of G(z) was motivated by the one-dimensional example. For
completeness the following very important result, due to Chow et al. [1], is stated
here:

LEMMA 1. Let f: E" > E" be a C* map such that zf(z)=0 on some sphere |z||=r.
Then f(z) has a zero in the ball ||z|=r, and for almost all a in the interior of this ball
there is a zero curve of the homotopy map

V,(A, x)=Af(x)+(1=A)x—a)

leading from (0, a) to a zero of f(x). Furthermore, rank DV ,(A, x) = n along this zero
curve.

THEOREM 1. Let F(z)= Mz +q, M = I. Then for almost all a € E", there is a zero
curve of pa(A, z) joining (0, a) to (1, Z), where Z solves the complementarity problem.
Dp,(A, 2) has full rank along this zero curve.

Proof. This theorem is a corollary of some later theorems in this paper, but it also
illustrates an application of Lemma 1.

Hi(2)= _lq,‘|3+(z,‘ +q,~)3+2?.

Now zH(z)=2Y]_, z; +lower order terms Z 0 for |z = r sufficiently large. Therefore
by Lemma 1 the result follows. Q.E.D.
LEMMA 2. Let the map p: E" X[0, 1)XE" > E" be defined by

pla, A, z)=AH(Z)+(1—A)(z—a).

Then p is transversal to zero.
LEMMA 3. For almost all a € E", the map p,: [0, 1)X E" - E" defined by

pa(A, 2)=AH(z)+(1-A)(z —a)

is ﬁransversal to zero (i.e., for almost all a the Jacobian matrix Dp, has full rank on
pa (0)).

A proof and discussion of Lemmas 2 and 3 can be found in [1]. Lemma 3, known
as a ‘“‘parameterized Sard’s theorem”, is the theoretical foundation of the homotopy
methods developed in this paper. The application of Lemma 3 to computing fixed
points of C* maps was given in detail in [1] and [17]. Note that p,(A, z) and H(z) are
C? maps since F(z) is C°.

LEMMA 4. Let the Jacobian matrix DH (z) be nonsingular at every zero of H(z).
Then for almost all a € E", there exists a zero curve v of pa(A, z) emanating from (0, a)
along which Dp,(A, z) has full rank. vy either has finite arc length and reaches a zero of
H(z) (at A = 1) or wanders off to infinity.

Proof. The existence of y and full rank of Dp,(A, z) along y are just a restate-
ment of Lemma 3. Suppose y remains bounded. Extend p, and vy to [0, 1]X E" in the
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obvious fashion. Let (A, Z) be any point on y in [0, 1]x E". Then
Dpa(A, 2)=(1—=MI +ADh(2)

has full rank, and by the implicit function theorem, y has finite arc length in a
neighborhood of (A, Z). Therefore by compactness y has finite arc length. The implicit
function theorem also proves that y cannot intersect itself and must reach A =
1. Q.E.D.

Note that y is a C' curve.

LEMMA 5. Under the hypotheses of Lemma 4, let a>0 be such that the
conclusions of Lemma 4 hold. If (A, Z) is on the zero curve vy of pa(A, z) emanating from
(0, a), then Z>0.

Proof. The ith component of p,(A, z) is given by

AIFi@) -zl + F@)’ +2])+ A - )z —a).

Suppose that z; =0. Then —|F;(2)— z,|>+ (Fi(?))’ + 7 =0 and 7, —a; <0. Since 0=A <
1, the ith component of p,(A, Z) is negative, which contradicts p,(A, Z)= 0. Therefore
z>0. Q.E.D.

THEOREM 2. Let the Jacobian matrix DH (z) be nonsingular at every zero of H(z).
Suppose that there exists r >0 such that z >0 and zi =||z|w=r imply Fi(z)>0. Then
for almost all a > 0 there exists a zero curve y of pa(A, z), along which Dp, (A, z) has full
rank, having finite arc length and connecting (0, a) to (1, Z), where Z is a zero of H(z).

Proof. The existence of the zero curve y along which rank Dp, (A, z)= n follows
from Lemma 4, and if it can be shown that y remains bounded, then the rest
of the theorem also follows from Lemma 4. By Lemma 5, y lies in K=
[0, 1)x{z € E"|z > 0}. There is no harm in assuming r>|all.. Let (A, Z)e K be any
point with Z; = ||l =r. Then Zx —a, >0 and —|F(2)— zi|> + (F(£))* + 22 > 0 since
Zx =r>|allo = ax and F,(Z)> 0 by hypothesis. Therefore

A=IF@) = 2P+ (F @)’ + 20+ (1 - ) — ax) >0,

which means that p, (A, z) # 0for 0= <1 and|z|lx = r. Hence v is contained in the box
[07 1] X {ZIZ g07 “Z“C’O = r}y

and the theorem follows from Lemma 4. Q.E.D.

Note that Theorem 2 proves the existence of a solution to the complementarity
problem (1) under certain conditions on F, besides providing an algorithm for
computing the solution. Before applying Theorem 2 to the linear case F(z)= Mz +gq,
some definitions will be needed. Let M be a real n X n matrix and q a real n-vector. M
is strictly row diagonally dominant if |M;|>Y, ., |My| for i=1,---,n. M is positive
definite if x'Mx >0 for all x #0. M is called nondegenerate if all its principal minors
are nonzero, and a P-matrix if all its principal minors are positive. M is nonnegative if
each element of M is nonnegative, and strictly copositive if x'Mx >0 for all x =0,
x #0. q is nondegenerate with respect to M if q is not a linear combination of any
n—1 columns of (I, —M). M is strictly semimonotone if for each nonzero x =0, there
exists an index k such that x; (Mx), > 0.

COROLLARY 1. The conclusion of Theorem 2 holds for the linear case F(z)=
Mz +q, where M is strictly row diagonally dominant with positive diagonal elements,
and q is nondegenerate with respect to M.
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Proof. Assuming that q is nondegenerate means that any solution Z to the linear
complementarity problem

220, Mz+q=0, z(Mz+q)=0
satisfies
Z+F(2)>0.

Furthermore DF(Z)=M is a P-matrix [15], hence nondegenerate. Therefore by
Corollary 1 of Theorem 1 in Mangasarian [9], DH (z) is nonsingular at every zero of
H(z). (This can also be easily proved by explicitly writing out DH(z).)

Since M is strictly row diagonally dominant, it is possible to choose r > 0 such that

Mi-—ZIMj|+ii>0, i=1,--.n

ji r

Then for zi=|zlwZr, Fi(z)=Mz+q)h=2zc(Miic + 2 c1 Mjzi/ 2ic + qic/ 21) Z
Zi (M —Zi;ék Myl +q./z:)>0. Q.E.D.

COROLLARY 2. The conclusion of Theorem 2 holds for the linear case F(z)=
Mz +q, where M is a nondegenerate nonnegative matrix with positive diagonal ele-
ments, and q is nondegenerate with respect to M.

Proof. The nonsingularity of DH (z) follows as in Corollary 1. Choose r such that
r>|q|/Mi, i=1,---,n Then for z>0 and z;=|z|lw=r, Fi(z)=Mz+q)=
Mz +Zj;ék Mijj +qx = Mr +qr > 0. Q.E.D.

For technical reasons, it was convenient earlier to define p, on [0, 1)X E", leaving
out A =1. For Lemmas 6, 7, 8 and Theorem 3, assume that p,(A, z) given by (4) is
defined on [0, 1] X E".

LEMMA 6. For a =0, any zero of p.(A, z) satisfies z = 0.

Proof. Suppose z, <0. Then the kth component of p,(A, z) satisfies A (—|Fy(z)—
2+ Fe(@)) +22)+ (1= A )z — ax)< 0, and p,(A, z)# 0. Hence pa(A, z) =0 implies
zz0. Q.E.D.

LEMMA 7. Suppose there exists an r>0 such that z=0 and |z|o=r imply
2kF (2)> 0 for some index k. Then the set of zeros of po(A, z) is contained in

[0,1]x{z|z =0, |Izll <7},

and hence is bounded.

Proof. Let po(A, £)=0. By Lemma 6, 7 =0. If ||| =7, then ., >0 and F($)>0
for some k. This implies that (po(A, 2))k = A(=|Fi(3) = Zc* + (F )’ +23)+ (1 =X, >
0, a contradiction. Therefore ||Z||- <r and the result follows. Q.E.D.

LEMMA 8. Under the hypothesis of Lemma 7, there exists 6 >0 such that a =0 and
lallo <& imply pa(A, 2)#0 for 0=A=1, 220, ||z]|lo=r.

Proof. |po(A, z)| is a continuous function on the compact set K =
[0, 1]%{z|z =0, ||z|lo=r}, and therefore has a minimum value on K. By Lemma 7,
ming [|po(A, z)|=a>0. Now ¥(a)=mink |pa(A, z)|| is a continuous function of a,
W(0) # 0, and therefore ¥(a)# 0 in some neighborhood of 0, say [|a|l.x < 8. The lemma
now follows since ¥(a)# 0 implies p,(A, z)#0 on K. Q.E.D.

THEOREM 3. Let the Jacobian matrix DH (z) be nonsingular at every zero of H(z).
Suppose there exists an r>0 such that zZ0 and ||z||x=r imply z,F(z)>0 for some
index k. Then there exists 8 >0 such that for almost all a =0 with |a| <8 there is a
zero curve vy of pa(A, z), along which Dp,(A, z) has full rank, having finite arc length
and connecting (0, a) to (1, Z), where Z is a zero of H(z).
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Proof. The theorem will follow from Lemma 4 in the same fashion as Theorem 2,
if the zero curve y remains bounded. Choose &6 >0 according to Lemma 8 (and
assume 8 <r). Then by Lemma 8, p, (A, z)# 0 on the surface of the cube

Q=[0,1]1x{z]z=0, |z|lo=r}

corresponding to ||z|lx = r, and therefore by Lemma 6, vy is contained in Q. Since 7 is
bounded, the result follows. Q.E.D.

Remark 1. Note that Theorem 3 considerably generalizes Theorem 2, but a price
is paid, namely the permissable starting points are restricted. As explained later, the
restriction of a in Theorem 3 has little, if any, significance for practical numerical
computations.

Remark 2. Theorems 2 and 3 could be generalized by removing the assumption
on the Jacobian matrix DH (z). Without this assumption, Theorems 2 and 3 have
exactly the same conclusions as before, except that the arc length of ¥y may not be
finite. Thus if one is only interested in the existence of a zero, the Jacobian assumption

is superfluous. However, for practical numerical computations, it is desirable for
DH(z), or more generally Dp,(A, z), to have full rank at the zeros of H(z).

Remark 3. Theorem 3 could be further generalized by replacing the condition
zkF (z2)>0 by zx >0 and Fi(z)=0, and assuming the solution set of (1) is discrete.
However, the intent here is not to present the most general homotopy theorem
possible, but rather to merely justify the application of homotopy methods to the
complementarity problem (1).

COROLLARY 1. The conclusion of Theorem 3 holds for the linear case F(z)=
Mz +q, where q is nondegenerate with respect to M, and M is any one of the following:

(A) positive definite,

(B) a P-matrix,

(C) nondegenerate strictly copositive,

(D) nondegenerate strictly semimonotone.

Proof. The nonsingularity of the Jacobian matrix DH (z) at zeros of H (z) follows
from the nondegeneracy of M and q exactly as in the proof of Corollary 1 to Theorem
2. A positive definite matrix is a P-matrix, and a P-matrix is strictly semimonotone by
the sign-reversal property of P-matrices [4]. Also a strictly copositive matrix is clearly
strictly semimonotone. Therefore it is sufficient to prove just case (D).

For nonzero x =0 define

W(x)=max (Mx).

W¥(x) is continuous and satifies ¥(ax)= aW¥(x) for real @ > 0. Let u(r) = min ¥(x) over
the compact set {x|x =0, |x|lo=r}, r>0. Since M is strictly semimonotone, ¥(x)>0
and u(r)>0. u(r) also has the property that w(ar)= au(r) for real a >0. Therefore
w(r)>|lqllo for r =|lgllo/w (1)+ 1 =7. It now follows that for z =0, ||z« =7, there is an
index k such that z,(Mz+q),>0 since (Mz),=Y(z)=u(|zllo)=u(®)>qllo=

Remark 4. If Theorem 3 were generalized as indicated in Remarks 2 and 3,
Corollary 1 would generalize to include semimonotone matrices M.

Remark 5. The question of the arc length of y will be considered in a future
paper.

The previous theorems seem to flow so easily that one might think almost any
homotopy method would work. Actually it is quite tricky to get a homotopy method to
work. It is easy to get a zero curve leading to the solution, but not so easy to get a zero
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curve which can be tracked. Some examples for the linear case F(z)=Mz+q, M a
P-matrix, will be given. Let

lwl“les‘W%—Z?

G, w,z)=
IWn—Z,,Is_W:;—Zi
w—=[A-XI+AM]z—q

Since M is a P-matrix, (1—A) + AM is also a P-matrix for 0=A =1. The linear
complementarity problem has a unique solution for a P-matrix, and thus G(A, w, z)
has a unique zero for each A, 0=\ =1. Hence there is a zero curve y of G(A, w, z)
leading from (0, g, q ") to the desired solution. Unfortunately DG will have less than

full rank at many points along v, and thus y cannot be easily tracked. The homotopy
defined by

HA, z2)=[[A=M+AMiz +q =z~ (A=A +AM ).z +q;)* -z}

has essentially the same characteristics as the G(A, w, z) above.

Computational results. The power of Theorems 2 and 3 is that they simul-
taneously prove the existence of a solution to the complementarity problem (1) and
provide an algorithm for computing a solution to (1). The algorithm is beautifully
simple: just follow the zero curve of p,(A, z) emanating from (0, @) until a zero of
H(z) is reached at A =1. This algorithm is guaranteed globally convergent with
probability one, in the sense that it works for almost every starting point a. In practice
one chooses a =0 and starts computing. Due to roundoff error, what is actually
computed are points on zero curves of nearby homotopy maps p.(A, z), ¢ #0. Now
every such computed point could correspond to an inadmissable starting point ¢ (a
mathematical possibility, since the floating point numbers have measure zero), but this

TABLE 1
Number of Jacobian Execution

q Arc length evaluations time
q® 4.35 231 10.6
q® 9.21 224 10.3
q® 14.02 218 9.8
q“ 17.62 349 15.9
q® 19.43 234 10.8
q® 19.43 234 10.9
q? 17.62 349 16.1
q® 14.02 218 9.9
q® 9.21 224 10.2

q“? 4.35 231 10.4
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is hardly likely. The point is that floating point arithmetic blurs the mathematical
distinction between admissable and inadmissable starting points, and in practice the
phrase “almost all a” has no significance. Similarly the requirement that |la|| < § is not
a serious restriction, since a computer program would start with a =0 anyway.

The numerical algorithm for following the zero curve of p,(A, z) emanating from
(0, a) will be sketched only briefly here, since it is presented in detail in [17]. The zero
curve is parameterized by arc length, and coincides with the trajectory of the initial
value problem

L oA, 26D=0,  A©)=0, z0)=a,

(%)
ds
The crucial property of the zero curve is that rank Dp,(A, z)=n along it, which
implies that (5) has a unique solution. Thus the zero curve is tracked by solving (5),
which can be done accurately and efficiently [14]. Note that A is not a parameter, and
hence the zero curve may ‘“‘turn back’ with no adverse effect.

The numerical results given here were obtained using a version of the algorithm
in [17], modified to compute zeros of (3) via the homotopy (4). Execution times are in
seconds on a CDC 6500, and all answers were obtained accurate to 8 decimal places.

Example 1. F(z)=Az+q, where A is a 10X 10 symmetric, positive definite
matrix given by A;=6, A;=—4 for |i—j|=1, A;=1 for |i—j|=2, and A;=0
otherwise. Let q(i) be the vector with —1 in the ith coordinate and zeros elsewhere.
The rather long arc lengths in Table 1 are because the solution vectors z have large

components (~10). By scaling the g vectors, the arc length and execution time can be
cut by a factor of 4.

®) &

ds

2

=1.

Example 2. F(z)= Az + q, where

1 -5 0 0 O

1 1 0 0 O
=(-3 -3 1 2 -1}

-4 -4 2 1 2

-5 -5 -1 4 3

A is neither a P-matrix nor strictly copositive, but is strictly semimonotone. With q(i)
the same as in Example 1, the results are given in Table 2. Of course this problem

TABLE 2
Number of Jacobian Execution
q Arc length evaluations time
q® 8.36 132 1.94
q® 8.33 193 2.88
q® 1.91 76 1.14
q® 1.45 58 84

q® 1.35 80 1.18
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could be solved much more efficiently by simply checking all 2° = 32 possibilities. The

point is that the computational effort for the homotopy method varies as (number of
Jacobian evaluations)X n>, and this is better than 2" for n large.

Example 3. F(z)= Mz + q, where

0o 0 -1 -1 -1 1 1 0 1 1

-2 -1 0 1 1 2 2 0 -1 0

1 o 1 -2 -1 -1 0 2 0 0

2 1 -1 0 1 0 -1 -1 -1 1

M= -2 0 1 1 0 2 2 -1 1 0
-1 0 1 1 1 0 -1 2 0 1

0 -1 1 0 2 -1 0 0 0 -1

o -2 2 o0 o0 1 2 2 -1 0

0o -1 o 2 2 1 1 1 -1 O

2 -1 -1 o0 1 0 0 -1 2 2

M is not strictly semimonotone, and none of the standard algebraic techniques will
solve this problem (although it has been solved by the heuristic hybird n-cycle
algorithm [15]). Table 3 shows the results for ¢.

TABLE 3

Number of Jacobian Execution

q Arc length evaluations time

q® did not converge

q® 4.90 402 18.38
q® 6.64 620 28.65
q® 5.49 264 11.96
q(s) did not converge

q® 6.50 241 11.17
q? 11.95 303 14.04
q ® did not converge

q? 9.34 628 29.86
q"? 2.72 181 8.56

Example 4 (nonlinear programming problem). Consider the convex pro-

gramming problem

5
min 0(x)=exp(z (x;—i+2)2) subjectto x=0.
i=1
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The Kuhn-Tucker optimality conditions applied to this problem result in a comple-
mentarity problem with

x;+1
5 X2
Fx)=V0(x)=2 exp( » (xi—i+2)2> xs—1
i=1 x4_2
xs—3

To obtain the solution (0,0, 1,2, 3) the homotopy method required 377 Jacobian
evaluations and 5.62 seconds of CPU time, with an arc length of 4.537.

Acknowledgment. The proof of Theorem 3 was the result of collaboration with
Lee Sonneborn. The author is also indebted to S. N. Chow and K. G. Murty for
encouragement and many helpful discussions.
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FINITE PRIMAL CUTTING PLANE ALGORITHMS
FOR INTEGER PROGRAMS*

GRAHAM LINKSt AND DAVID S. RUBINt

Abstract. Several primal cutting plane algorithms have been proposed for the pure integer program.
They all require that the entire tableau remain integral at every iteration. We show how to relax this
condition and require integrality of only the right hand side. Several cuts are discussed, and sufficient
conditions to guarantee finiteness are developed.

1. Introduction. We are interested in the pure integer program
max c'x=z
IP subjectto Ax=b
x =0 and integer

where A is m X(m +n) and has rank m, and b, ¢, and x are appropriately dimen-
sioned. We assume that the elements of A, b, and ¢ are integers. This assumption
entails no loss of generality if A, b, and c are rational or if L ={x|Ax =b,x =0} is
bounded; see references [12] and [14]. If the objective value of IP is bounded, there is
no loss of generality in assuming that L is bounded, so we will make that assumption
henceforth. Relaxing the integrality requirement on x gives us the associated linear
program LP. We will add cuts to the constraints of IP, but we shall continue to refer to
the resulting problem as IP, and to its linear relaxation as LP.

Primal cutting plane algorithms successively find basic feasible solutions to LP
which are all-integer and hence feasible in IP. These successive solutions yield
nondecreasing objective values, and optimality is reached when the current solution is
optimal in LP. Earlier work on primal algorithms has been done by Ben-Israel and
Charnes [4], Young [15], [16], [17], Glover [7], and Arnold and Bellmore [1], [2], [3].

If we partition A as (B, N) (rearranging columns if necessary), where B is m X m

. . . X c
and nonsingular, and similarly partition x as ( B) and ¢ as ( B), then we may
N CN

represent LP in the usual tableau form:

—XN —XN1 ~XNn
—.Tp-1 =
z=cgB b Z= Yoo Yo1 Yon
—_p-! =
xg=B b or X1= Y10 yu Yin
xN=0 . . .
Xm+n= Ym+n0 | Ym+n1 °°° Ym+n,n

In the latter representation of the tableau, we keep the variables in their natural order,
so the rows corresponding to basic and nonbasic variables are intermixed. We let y;

- Yoj .
denote the vector (yi; y2j,"',ym+n,i)T and y; denote the vector (y‘])’ for j=
1
0,1,---,n

* Received by the editors October 18, 1977.
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If B'»=0 and integer, then the current basic feasible soiution for LP is feasible
for IP. In all of the earlier work cited above, it is also required that B be unimodular,
so the entire tableau is all-integer at each iteration. We will relax this requirement,
and require only that B~'b =0 and integer; the other elements in the tableau may be
noninteger. We will show that finite algorithms can be obtained for large classes of
cuts if we impose a certain weak restriction on the absolute value of the determinant
of B.

In § 2 we give some preliminary results. Section 3 states a general primal cutting
plane algorithm, and proves that it is finite. Section 4 briefly discusses some of the cuts
which can be used in the context of this general algorithm. Section 5 gives some
concluding remarks.

2. Preliminary results. Our development will closely parallel that given by
Garfinkel and Nemhauser [6] in their proof of the finiteness of the SPA (“simplified
Primal Algorithm”) of Glover [7] and Young [16]. Our results are generalizations of
these earlier results, and the SPA is a special case of the algorithm we present in the
next section.

Given two vectors a and B with the same number of components, let @« <8 mean
that « is lexicographically smaller than B, i.e., @ # B and for the first i such that a; # B;,
we have a; <B;. We assume that the initial tableau has a special row (or “reference
row”’) with the following two properties:

(1) If §; <0, then y,; > 0.
(P2) Forj=1,---,n with y,; #0,let R; = y;/ ys, and let
R =lex min {R;|y;; >0}
If y,; <0, then R; <R,.

Given the assumption that {x|Ax = b, x =0} is bounded, we can initially choose y,; =1
for j=1,---,n, and let y,o be a suitably large integer. We note that the columns
¥1,* **, Y are linearly independent (since they contain a negative identity matrix),
and hence the index k in (p;) is unambiguously defined. Notice also that y, <0 in all
tableaux prior to the optimal tableau.

We move from one tableau to the next by the usual simplex step; however, we
will only allow pivots to be done in column k defined in (p,). If the pivot element is
y« # 0, then the new tableau is given by

}7;=)7j—‘yriy_k, j=071"“7n; ]¢k7

Vi=— [
LEMMA 1.1. If (p1) and (p2) hold in the current tableau, then

)7,>}Xsi)7k forallj=1,---,n; j#k.

sk

Proof. If y; =0, then y;>0 by (p1). If y;>0 (<0), then R;> R, (<R;), and
multiplying through by y,; yields the result. Q.E.D.

LEMMA 1.2. If (p1) and (p2) hold in the current nonoptimal tableau, and we pivot
on any yu # 0, then (p;) holds in the next tableau.
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Proof. For column k, y, <0 and hence yg >0 by (p1). Thus
1 p y y
- y;(=~LE(_.y_k>=_¥_k_<0
Ysk Ysk Yrk Vsk

by (p1). Hence yi >0 if yi <O0.
For column j # k, suppose

’ Yrj
Ysi= ysj_—iysk =0.

yrk
Then
Yo _ Vi
Ysk _yrk’
and so
- - Yri - - Vsi -
V=V 2§~y >0,
Yrk Ysk

by Lemma 1.1. The result now follows by contraposition. Q.E.D.
The next two results are based on the following observation. If we pivot on any
yn # 0, then for any j # k we have:

1 -~ - 1 -~
Ri— R =—,(y;— y,)’k) “'y—)’k

sj

1 - YSkYr'_ Yr'ysk -
0 e (05 (2005
YSjy.sk Yrk Yrk
_ 1 - Ysi -
=\ YiT T Vi)
sj Vsk

Also, the proof of Lemma 1.2 shows that R}, = Ry, so equation (1) holds for j = k
as well.

LeMmMA 1.3. If (p1) and (p2) hold in the current nonoptimal tableau, if we pivot on
any yu #0, and if y; <0, then R} = Ry, and the inequality is strict if j # k.

Proof. The result is immediate from Lemma 1.1 and equation (1). Q.E.D.

LEMMA 1.4. If (p1) and (p2) hold in the current tableau, if we pivot on y. # 0, and
if the next tableau is not optimal, then R} = R, (with the inequality strict if ynu >0),
where

R =lexmin {R]|ys;>0}.

Proof. From Lemma 1.1 and equation (1), if yg; >0, then R} > R;. Now if y, >0,
then y& = —yu/yn <0 by (p1). Thus k' #k, so Ri > R,. However, if yx <0, then
ys >0, and so R, = R, = R} by equation (1). The result is now immediate. Q.E.D.

We may put all these results together to get

THEOREM 1. If (p1) and (p2) hold in the initial nonoptimal tableau and we always
pivot in column k, then (p1) and (p2) hold in all subsequent nonoptimal tableaux, and
furthermore, the sequence {R.} is lexicographically nondecreasing.

Proof. All we need show is that (p,) holds in the second tableau if it is nonop-
timal, and then the result follows from Lemmas 1.2 and 1.4 by induction. Now
R;—Ri = Rj—Ry by Lemma 1.4. Thus if y;; <0, it follows from Lemma 1.1 and
equation (1) that R; <Ri. Q.E.D.
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The Glover-Young SPA always chooses a pivot element y,, = 1, and for it we can
strengthen Theorem 1 to say that the sequence {R;} is lexicographically increasing.
Thus allowing pivots on arbitrary nonzero elements in column k weakens the result
only slightly, and it turns out that the weakened version will still support a finiteness
proof. It is somewhat remarkable that this crucial result depends only on the choice of
the pivot column, and has nothing whatsoever to do with the source row for the cut or
type of cut which is added.

3. A general finite primal cutting plane algorithm. If the vector R, ever satisfies
yox =0, then optimality has been reached. In order to satisfy this condition, attention
must be directed to the nature of the cut. Consider the condition

Ci(q): Yak = Yqo0-

The SPA uses Gomory all-integer cuts [9], and can be shown finite provided that the
source row of the cut is chosen in such a way as to guarantee that C;(q) holds for each
row q at finite intervals. There are several source row choice rules which guarantee
that this condition will be met; see references [7] and [16]. The proof of finiteness of
the SPA depends on the integrality of the tableau. When this integrality is relaxed,
finite reoccurence of C;(q) no longer suffices to guarantee finiteness.

Let & be the absolute value of the determinant of B, and let A be an arbitrary
positive integer. Consider the conditions:

Czl o= A
Cs: y« is all-integer.

THEOREM 2. Suppose IP has a bounded feasible region. Consider any primal
cutting plane algorithm which

a) always pivots in column k,

b) pivots on positive y,. at finite intervals, and

c) guarantees for each row q that at finite intervals C,(q) will hold in conjunction

with either C, or C;.

That algorithm is finite.

Before proving the theorem, we note that in the SPA, y, =1 at all iterations, so
6 =1 throughout the algorithm, and C, and C; are always satisfied. Thus we see that
the SPA is just one member of a large class of finite primal algorithms.

Proof. We know that

i) {R.} is lexicographically nondecreasing (by Theorem 1), and

ii) at finite intervals C,(s) holds in conjunction with either C, or Cs.

Since {yo} is hounded, {y,o} is also bounded, say by M;. At those tableaux where
ii) holds, ys is a nonnegative rational number, bounded above by M; and having
denominator no larger than A. Thus at those tableaux yy can assume only a finite set
of values. From condition i), the sequence {yoi/ysk} = {Rox} is nondecreasing, and this
same sequence is bounded above by 0 prior to optimality. Thus at tableaux where ii)
holds, Rox can only assume a finite number of values. Hence after a finite number of
iterations the sequence {Rox} must be constant.

Suppose {Rq.} has reached its limit at iteration #,. Let M, be an upper bound for
{y10}. Consider the next nonoptimal tableau at which C;(1) holds in conjunction with
either C; or C;; denote its elements by $;. Then $1x = 10 and j >0, so

&SﬁleA

A =

)?sk Ysk
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Now the sequence {y1«/ysc} = {R1«} is nondecreasing for all iterations from ¢, on, and
is bounded above by M;A. Consider all subsequent tableaux satisfying ii). Repeating
the earlier argument, we see that Ry, can only assume a finite number of values, and
hence there is an iteration #; after which {R;x} is constant.

Repeating this argument for each row in turn, we see that after a finite number of
nonoptimal tableaux {R;} becomes constant. But at this point, the tableau must be
optimal, for if not, then yo, <0 and we would continue. However after a finite number
of additional iterations, condition b) guarantees that we would pivot on a positive
element. This (by Lemma 1.4) would cause R, to increase which is impossible. Thus
the algorithm is finite. Q.E.D.

We must now consider how to get condition c) of the theorem to hold. It turns out
that C; and Cj; are relatively easy to establish, so we shall discuss them first. In the next
section we discuss cuts which enable us to establish the conditions Ci(q).

LeEMMA 3.1. In the current nonoptimal tableau, suppose that yi is not all-integer.
Then we may add a Gomory fractional cut [8) and pivot on it in column k to

a) reduce the determinant, and

b) retain the same pivot column at the next iteration.

Proof. If y, is not all-integer, there exists a row r

“ nyo & Ryj
Xr=Yr0— L YrikNj ="~ Y XN
i=1 § =16
such that y,, is not an integer. Here we have expressed y,; as a ratio of integers n,;/8
where 8 is the absolute value of the current basis determinant. Let ng; = n,; (mod &)
and add the cut

Xp= —%“ 2z (“%)XM' =yro— X ygxn =0.
j=1 j=1

Notice that —1 < ys <0. Hence if we pivot on yg, part a) follows because &' = 8|y,

and b) follows from Lemma 1.4. Q.E.D.

Thus if C;(g) holds, but neither C, nor C; holds, we can use fractional cuts to try
to satisfy C, and/or Cs;. Of course in the process yq Will increase (since ygu =
—Yak/Yfk)» Yao Will be unchanged (since ys = 0), and thus C,(q) may cease to hold. The
following result shows that this difficulty can be overcome.

LEMMA 3.2. In the current nonoptimal tableau, suppose that Ci(q) does not hold.
Then we may derive a Gomory all-integer cut and pivot on it in column k to

a) retain the current determinant,

b) change the pivot column at the next iteration, and

c) make you =ya—1/8 and y a0 = yqo.

Proof. Let [A] denote the greatest integer not exceeding A. Since Ci(gq) does not
hold, 0 = y,0< yax and so [ys0/yqk] = 0. Suppose we add the all-integer cut

Xe=0— .Zl [Yai/ Ya)xni Z 0
i=

and pivot in the cut row and column k. The pivot element is +1. Then a) follows since
8'=6 -1, and b) follows from Lemma 1.4. For c) we note that

y;lzym—[—y—qi]quzqu(ﬁ]-—[-yﬂ]) for an];ék.
Yak Yak  LYak
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In particular ygzo = yq0. Also, since 0=A —[A]<1 for all real numbers A, and since
Yae Z 0, it follows that y; <y for all j # k, and c) now follows from b). Q.E.D.

It follows immediately that if 0= y,0 <y, at any iteration, we can force C;(q) to
hold after the addition of no more than 8(y. — y40) all-integer cuts. Thus the last two
lemmas tell us that we can always get condition c¢) of Theorem 2 to hold by the
application of a finite number of fractional and/or all-integer cuts at appropriate
intervals. In the meantime, we are free to use any valid cuts whatsoever which will
retain the primal feasibility of the tableau. Of course it is desirable to use cuts which
help achieve the conditions C;(q).

4. Cuts for the general algorithm. The current extreme point is x = yo, and the
line {x = yo—Ayx|A =0} contains an edge of L, the LP feasible region. The last lattice
point along that edge can be found by solving the “‘edge congruency problem”

Ak =max A

subjectto x =yo— Ay, =0 (mod 1)

0=A =6t =min {m Vik >0}.

Yik
Since the primal simplex algorithm moves from one vertex to an adjacent vertex, it is
desirable to add cuts that go through the point yo— A, y«. The edge congruency problem
is simple to solve, and the interested reader can find the details in reference [13].

In his dissertation [13], Links discusses a class of cuts that he calls “facial”. These
are determined by pivoting on some y, to an IP infeasible point, looking at the corner
polyhedron [10] at that point, and determining a facet of that polyhedron which goes
through the point yo— Ay.. He proves the following result:

THEOREM 3. Determine the value

“x =min A

subjectto x =yo—Ay,=0(mod 1)

Azl
Consider any row with yu >0 and yso0/yax <. If we add the facial cut through
Yo—ArYk obtained from the corner polyhedron where xni replaces x, in the basis, and
pivot on that cut in column k, then y 30 Z y g'. That is to say, if C1(q) does not hold in the
current tableau, it is possible to add a single facial cut and have C(q) hold in the next
tableau.

The proof of this result is quite lengthy and involves a careful examination of
facial cuts. We refer the interested reader to reference [13]. A great deal of work is
involved in determining facial cuts, so we would now like to look at other cuts through
the point yo— Azyr. These other cuts are related to Dantzig cuts [5].

Again consider any row with yg > 0. If y,0/yqk = Ak, then a pivot on yg leads to a
lattice point. If y0/ya > Ax then pivoting on yg leads to a nonlattice point; in this
case the Dantzig cut

Y xnjtxgz=1

i=1
jk

is a valid cut. Consider the strengthened Dantzig cut

=1.

n
) xNj+(
j=1

j#*k

)
Yq0 — AkYaqk



FINITE PRIMAL CUTTING PLANE ALGORITHMS 53

The only lattice points it excludes besides those excluded by the Dantzig cut are
elements of {x Z0|1 <xg<yg0—AiYar, Xnj=0 for j#k}, but this set contains no
feasible lattice points by virtue of the definition of A;. Hence the strengthened cut is
valid. If we clear fractions, we may write it as

.Zl (Va0 = AkYai)Xn; + Xq Z a0~ AkYak-

ik
Recalling that x, = yqo*z;;l YaiXnj, We may express the strengthened cut in terms of
the current nonbasic variables as

Xe = AkYak — _Zl (Yai = Ya0+ AkYai )XN; = YarXni Z 0,
ik
and clearly this cut goes through the point yo— Ayx.
Now we may distinguish between transition cycles, in which the objective value
increases, and stationary cycles, in which the objective value is unchanged. In a

stationary cycle, there is at least one row q with y,o <y, i.e., for which C;(q) does not
hold. For this row A, =0, and it yields the strengthened Dantzig cut

x.=0- Z (Yai — Ya0)xnj — YarXni Z 0.
(o
If we add this cut and pivot in the cut row on column k, then the pivot element is
Yak >0, sq k'# k by Lemma 1.4. Furthermore, yg0 = yq0 and yg; = yqo for all j # k.
Thus C,(q) holds in the next tableau.

It is well-known that ordinary Dantzig cuts do not lead to a finite dual cutting
plane algorithm [11], but the above result suggests that these strengthened Dantzig
cuts might yield a finite primal algorithm. Unfortunately, note that the pivot element
yqk can be large and so these cuts can cause the determinant to grow. In fact, Links has
shown [13] that these cuts do not yield a finite algorithm when they are the only cuts
which are used. However, the above result does show that they have the desirable
property of forcing the condition C,(q) to hold after a single iteration.

Let us again consider a row with y, >0 and Ax <y,0/ya < uw. Note that if we
pivot on yg,

" _ Yq0
Yo=Yo~ Yk
Yak
is not a lattice point, and so the vector yi = —yi/ya is not all integer. Charnes and
Ben-Israel [4] have shown how to strengthen the ordinary Dantzig cut to

ijN,»+xq =1 whereJ={je{l, -, n\k}|y; =0 (mod 1)}.
je

Analogous to our strengthening of the ordinary Dantzig cut, we may strengthen this
cut to

Zj (YqO —AkYak XN+ Xq Z Va0~ AkYak
je
which may be expressed in terms of the current nonbasic variables as

Xe =Akyqk = X . (Yai = Yao+ AkYaic )Xnj — Zl YaiXNj = YaiXNk Z 0.
je

i=
jef
j*k
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If we choose a row for which C;(g) does not hold, and generateAthis strengthened cut
and_pivot on it, then k'#k, yz0=yq0, Yoi=yqo for all jeJ, and yz;=0 for all
j2J U{k}. Thus C;(q) holds in the next tableau.

5. Conclusions. We have shown how to relax the integrality requirement on the
entire tableau and still get a finite primal cutting plane algorithm. The finiteness proof
essentially permits the use of any cuts whatsoever that guarantee that a certain set of
conditions will hold at finite intervals. Subsequent results showed how to use
Gomory’s fractional and all integer cuts to establish these conditions, and we also
discussed several new classes of cuts which forced a subset of these sufficient condi-
tions to hold.

We have done no computational testing of algorithms based on these results.
There are several interesting questions which should be investigated, such as:

1. What effect does the arbitrary parameter A have on computation times?

2. Does it make sense to bring the determinant back below A whenever it gets
higher, or would it be better to restore the condition at fixed intervals?

3. Are the relatively weak Dantzig-like cuts superior to the stronger facial cuts
because of their relative ease of computation?

We hope to address these questions in future work.

6. Other related work. In [14a], Salkin et al. also discuss relaxing the condition
that the entire tableau be all-integer. They show that the Glover and Young algorithms
are also finite even if the data are rational and not necessarily integral. However, their
discussion applies only to a problem of the form

max ¢ x=z
IP' subjectto Ax=b
x =0 and integer,

where the slack variables which constitute the initial basis need not be integer valued. It
is not valid for the general equality constrained problem which we have discussed.
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D-STABILITY AND MULTI-PARAMETER SINGULAR PERTURBATION

HASSAN K. KHALILt AND PETAR V. KOKOTOVICt

Abstract. A new multi-parameter singular perturbation problem is formulated. Sufficient conditions
for uniform asymptotic stability are derived, and asymptotic behavior of solution is investigated.

1. Introduction. Single parameter singular perturbations have been extensively
used in analysis and control of dynamic systems [1]. Even if they possess several small
parameters, electrical networks with parasitics and control systems with small time
constants, masses, etc., are modeled as single parameter problems. This is done by
expressing small parameters as known multiples of a particular parameter w, such as
m=apu, T =au, where m is a small mass and T is a small time constant. A
characteristic of this approach is that its results depend on the scaling coefficients «;
which are assumed to be known. In many cases of practical interest such an assump-
tion cannot be justified. In multi-controller problems and differential game problems
small parameters may represent different independent ways in which individual
control agents simplify the model of the overall system, and therefore the relation
between the small parameters must remain arbitrary [2]. It may be argued that a more
realistic study of parasitics should also allow for the ignorance of the ratios of small
parameters.

The purpose of this paper is to examine the vector singular perturbation problem
when all the small parameters are of the same order of magnitude, but can have
arbitrary bounded ratios. This problem is different from the multiple time scale
problem [3], [4] when the parameters are of different orders of magnitude. We treat
the uniform asymptotic stability and initial value problems for multi-parameter
singular perturbations. In contrast to the boundary layer system stability requirement
of the single parameter case [1], we employ a generalization of D-stability. Several
tests are given delineating important classes of systems satisfying this condition.

2. Multiparameter perturbations. Linear systems with N singular perturbation

parameters €1, - * -, ey have the general form
N
(13) X =A0(t)x+ ~Zl A()j([)Zj, X(f0)=X0,
i=
(1b)

N
8,‘2',' =A,~0(t)x + Z A,-,'([)Zj, Z,‘([()): Zi0,
i=1

where x e R™, z;e R™, that is the system dimension is n =n0+2?’=1 n;. The small
positive scalars ¢4, -+, ey represent time constants, inertias, masses and similar
physical parameters [1]. They are ordered as components of a vector ¢ € R". System
(1) satisfies

Assumption 1. For all t=1,, all the matrices on the right hand side of (1) are
continuous, bounded and have bounded first derivatives.

A characteristic of singularly perturbed systems is that the variables z; are fast
since their derivatives are 1/¢; large. Under the additional assumption that &;.,/&; >0

* Received by the editors November 10, 1977. This work was supported in part by the Department of
Energy, Electric Energy Systems Division, under Contract U.S. ERDA EX-76-C-01-2088, and in part by
the National Science Foundation under Grant NSF ENG-74-20091.

T Decision and Control Laboratory, Coordinated Science Laboratory and Department of Electrical
Engineering, University of Illinois, Urbana, IL 61801.
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as g; > 0, the system (1) exhibits N time scales, that is z;,, is fast relative to z;. In [3],
[4] such multi-time scale systems are treated by nested single parameter pertur-
bations. However, in many real systems the parameters are of the same order and do
not allow the multi-time scale assumption. We therefore assume that the ratios of
€1, * -, en are bounded by some positive constants # and M

Ei

?) m=—=M, ij=1,---,N,

Ej

that is the possible values of ¢ are restricted to a cone H < R". In contrast to the
multi-time scale systems, in our case all z;’s are in the same time scale. We call this
case the multi-parameter problem. A fundamental requirement for every multi-
parameter perturbation result is to hold for all sufficiently small ¢ € H, that is as ¢ >0
along any arbitrary path in H.

System (1) is rewritten in a form resembling a single parameter perturbation
problem

(3a) X =Ao(t)x +Aos(t)z, x(to) = xo,

(3b) wz =DAs(t)x + DAs(t)z, z(to) = zo.

However, it is not a single parameter problem because both

) w=(e1e2" - EN)UN

and

) D = Block diag [ﬁll, e ,iIN]
£ EN

depend on all ¢;’s. The above form is convenient since, in view of (2), the matrix D is
bounded for all € € H,

(6) m=f<m

E;
where m, M depend on i, M. The matrices Ao;, As and A; are formed of the
submatrices Ao;, Ao and Ay, i,j=1,---, N, respectively, and z'=[z}, -+, zn]. A
reduced system is now formally obtained by setting £ =0 in (3),

(7a) i=Ac(®)x+As(1)Z, = x(to)= xo,

(7b) 0=Az()x+Af(t)z.

Assuming that det A;(t)=k >0 for all t=t, (7) can be rewritten as
®) £ =[Ao(t)— Ao (AT (DARMIE 2 A,(1)E,  X(to)=Xo.
We also define a boundary layer system

©) L DA, 0= 20-20)

where 7= (t —to)/u is the “stretched” time scale.

We are concerned with two problems. First, we seek conditions for the uniform
asymptotic stability of (1) for all sufficiently small ¢ € H. Second, we want to approx-
imate the solution of the initial value problem (1) in terms of the solution of the
reduced problem (8) and the boundary layer problem (9).
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For the first problem we make the following
Assumption 1. The reduced system (8) is uniformly asymptotically stable.

3. Main results. Our crucial assumption is a generalization of the so called
D-stability property of the boundary layer system.
Assumption 111. For all t = to, the matrix Az(¢) has the property that

(10) Re AM{DA;(1)}=-20 <0

where o is a fixed scalar independent of &, possibly depending on the bounds m and
M.

The main results of this paper are summarized in the following

THEOREM 1. Under Assumptions 1, 11 and 111 there exists a positive scalar v such
that for all € € H, 0<||e|| = v, system (1) is uniformly asymptotically stable.

THEOREM 2. If Assumptions 1 and 111 are satisfied then for every finite T > t, there
exists a positive scalar v such that for all t € [to, T] and all € € H, 0 <||e|| = v, the solution
of the initial value problem (1) is approximated by the solution of the reduced problem
(8) and the boundary layer problem (9), that is,

(11a) x(t)=x()+O(lel)

(11b) z2()=~A7 (NAOE)+Z(r)+ O(lel).
Moreover, forall te[t;, T], to<t<T

(12a) x()=x(t)+O(lel)

(12b) 2(1)= A7 (DABOE () + O(lel).

If in addition Assumption 11 is satisfied then (11) and (12) hold for all T € (to, ).
Our Assumption III has a general form, but it is not verifiable by an algorithm

with a finite number of steps. It is satisfied in special cases such as when A¢(¢) is block

diagonal or block triangular with the on-diagonal matrices satisfying the condition

13)! Re AM{A;(t)}=—c, forallt=t, i=1,---,N.

Another special case is when Ay is constant and the z;’s are scalars. Then Assumption
III means that Ay is D-stable, that is DAy is a stable matrix for all diagonal matrices D
with positive elements. Several D-stability conditions have been investigated in the
economic literature [5]. Recently this concept has been used in large scale system
analysis [6], [7].

Our Assumption III can be considered as an extension of the notion of D-
stability to matrices depending on ¢ and to vector rather than scalar subsystems, that is
when #n;>1. In this more general framework we now examine several conditions
allowing us to test Assumption III. The first condition is the following:

(i) There exists a block diagonal positive definite matrix P(t),

(14) P(t)=Block diag [P1(¢), - - - , Pn(2)]
satisfying
(15) cllxP=x'P(t)x Scix|* forallxe R™™, tzt,,

such that Q(t) given by
(16) P(A[(6)+ AO)P(1)=—-Q(r)

1 . . . .
In this section ¢y, ¢, * * * are used to denote various fixed positive constant scalars.
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is bounded from below by
a17) x'Q()x Zcdllx|?, forallxe R®™ =1,

This condition implies (10) since the Lyapunov function v(x)= x'P(t)D ~'x for the
system dx/ds = DAs(t)x has the negative definite derivative dv/ds=—x'Q(¢)x.
Although this condition does not require the knowledge of D, it is still not finitely
verifiable. However, it can be used to generate classes of matrices satisfying (10). An
example is the case when A(¢) is symmetric with A{A(¢)}=—cs for all t=¢,. Then
condition (i) is satisfied by P = I, while ¢, = ¢3 =1, ¢4 = 2¢s satisfy (15), (17).

The next condition involves two different conditions introduced in [8], [9] as
sufficient conditions for stability of matrices with dominating diagonal blocks.

(ii) The matrices A;(¢) are symmetric with

(18) MA@} = —cs foralltzes, i=1,---,N,
and either
(19) Y lAw()<ce forallt=ty, i=1,---,N.
k#i
or
(20y° Y IAT OAR@I<1 foralli=t,, i=1,---,N.
k#i

If As(t) satisfies (18) with (19) or (20) then DA((¢) satisfies the same condition with ce
replaced by mc¢ where m is the lower bound in (6).

The last two conditions are due to Siljak [6] and Michel [7] who derived them
using the decomposition aggregation method to test the stability of interconnected
systems when the isolated subsystems are stable. In these conditions the matrices
A;i(t) satisfy (13) and symmetric positive definite P;(t), Q;(¢) are such that

(21) Pi(D)A:()+AL(P:(t)=-Qi(t), i=1,--+,N.
Then there exist positive constants &;, 1, mi2, m;3 and 4 satisfying
(22) A= &, forallrzt,,

(23) millx|P = x'Pi(t)x = miolx|’, forallxeR™ =1,

24) miallx|F = x'Qi(t)x = muglx|’, forallxeR™ r=1,.

In both Siljak’s and Michel’s condition an N X N aggregation is formed and tested for
the stability of Af(¢). The elements of Siljak’s aggregation matrix S are

—MNi3, =],
25) s={
Do Eminie, i #]

where

i3 Mia= i2
s i4—
27Ti2 \/7Ti1

"7.'1'—“/71'.'1, Niz =

and those of Michel’s matrix T are

_dl'ﬂ-i3, l =j,

26 tii = { ..
(26) " \dimogi + dimia € L #],

2 The matrix norm in (20) is defined as || Al = [Amax(AA")] /2.
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for some positive numbers dy, - - -, dn.

The Siljak condition is the following:

(iii)) The matrices A;(¢) satisfy (13) and the principal minors M, of S have
alternating signs, that is

sll e Slk
27) M = (=1) det | - >0, k=1,---,N.

Sk1 "t Skk

To show that his condition implies Assumption III we consider the Lyapunov
function

(8) 0()= % P X' =Gk weR”
with
(29) vi(x:) = (xiPi(t)x:)"?,

where 6;>0,i=1,- -, N, are yet unspecified numbers. By derivation similar to that
in [6] it can be shown that the derivative of v with respect to the system

dx
30 —=DAg(t
(30) ~ =DA%
satisfies the inequality
dU N N
(1) ds E‘l d j; Sii

It is shown in [6] that when inequalities (27) are satisfied there exist numbers §; >0
(i=1,---,N)and 7 >0 such that
dv

N
(32) —=-7 Z 6,'1),'.
dS i=1

Hence

33) ——yé —mmv & —cqv.
ds
The last condition is that of Michel:
(iv) The matrices A;;(¢) satisfy (13) and there exist numbers d;, i =1, - - -, N, such
that the matrix T is negative definite.
To show that this condition implies Assumption III we consider the Lyapunov
function (28) with §; replaced by d; and v;(x;) given by

(34) v,-(x,-)=x,'~P,-(t)x,~.

In a way similar to [7] it can be shown that its derivative with respect to (30) satisfies the
inequality

dv
(35) E— Z tu”x:” ||x1”
Since T is negative definite, let A = A ,.x(7T) < 0; thus
dv
(36) —=-A Z lxill® = =l

ds
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Using (22) and (36) we obtain

dv —Am A
= v = —CgU.

37 —s
( ) ds max; d,‘ max; mi2
Michel’s condition is not finitely verifiable since it requires the existence of positive
numbers dj, - - -, dy. However, a more conservative, finitely verifiable, condition
implying Michel’s condition can be obtained [7] by writing the matrix T as

(38) T=DW+ WD
where
(39) D_=dlag [dl,‘ . ,dN], d,‘>0,
and W is given by
1 -
40 Wr={—2m3’ l‘—].,
(40) T lmogy, i)

Then, if the principal minors of W have alternating signs, that is, satisfy (27), there
exists matrix D such that T is negative definite.

It is important to notice that Siljak’s and Michel’s conditions are not equivalent.
In fact examples can be constructed for matrices which satisfy one of them and do not
satisfy the other, and vice versa [9]. These two conditions are particularly important
since they are applicable to large scale systems. They are also applicable to nonlinear
systems. Grujic [11] has used the decomposition-aggregation method to test the
stability of a class of nonlinear singularity perturbed systems. The motive to look at
these two conditions and study their implication to our Assumption III was that the
aggregation matrices S and T which satisfy the respective condition are D-stable.
However, as we have shown, the proof that Siljak’s or Michel’s condition implies
Assumption III does not rely upon the D-stability of S or T, because we have chosen the
Lyapunov function in either case in such a way that we obtain the aggregation matrix
independent of D.

The above discussion of Assumption III shows that the class of matrices Af(¢)
satisfying Assumption III contains important subclasses. However a complete charac-
terization of that class is yet to be made by further studies.

4. Proof. We follow [12] to separate the fast and slow modes of (3). Using

@ LI e
the system (3) is transformed into

(42a) ¥y = (Ao() = Aor()L(1))y,

(42b) uo = (DAf(1)+uL()Ao (1)),
where L(¢) and M (¢) satisfy

(43) uwL=DAL ~DAs—uLAo+uLAqL,

(44)  uMD™'=-MA;+Aos—uMD 'LAos+uAMD ' — Ao LMD
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with the initial conditions

(45) L(to)= A7 (to)Aso(to),

(46) M (t) = Aos(to)A7 " (o).

We first observe that the fast subsystem (42b) is of the form
(47) nz =(DAy(1)+ul'(t €))z

whose properties we examine in Lemmas 1 and 2. Then in Lemmas 3 and 4 we
establish the existence and convergence of solutions L(t) and M (¢) of (43) and (44).
Lemmas 1, 2, 3 and 4 are stated under the Assumptions I and III.

LEMMA 1. There exist positive scalars v, K, and vy, such that for all ¢ € H,

0<|le|= v and t Z s, the state transition matrix ¢,(t, s) of the system (47) with T =0 has
the property that

49) ot M= K exp | -2 6=s)].

Proof. By Assumption I and (6) we have |DAf(¢)||= K>, for all t=¢t, and ¢ € H.
Using (10) and Lemma 4 of [13, p. 116] we get forall =0, e e H

(49)

exp [gDAf(t)]n =K;sexp (—EO),

where K; depends only on ¢ and K,. Also there exists 8 >0 such that |[DAs(t;)—
DA(t)|=B|t2— 11, t1, t2= to. Then by Theorem 12 of [13, p. 117] there exists w*>0
such that for all u <u*, @1(s, s) satisfies (48) with K; = K3 and y;<o; and v can be
chosen to be the radius of the largest ball centered at the origin with w <pu*.

LEMMA 2. If |T'(t, e)|= K, for all t = to, € € H, then there exist positive scalars v,

v2 <71, such that for all ¢ € H, 0 <||e||= v and t = s, the state transition matrix ¢,(t, s) of
(47) satisfies

(50) hoats, )= Ko exp | =22 =5)].

Moreover, there exists v>0, Ks>0 such that for all ¢ € H, 0<||e|| = v, t = to, the matrix
@3(t, t0) = @2(t, to) —exp [DA(to)((t — to)/ 1)) satisfies
(51) les(t, to)ll= Kslle |-

Proof. Inequality (50) follows from Lemma 1 and Theorem 9 of [13, p. 70]. To
prove (51) we notice that ¢3(t, to) satisfies the equation

balt, t0) = I—i—[DAf(r)mr(t, Nes(t, o)

+--(DA()= DA+ uT(t. ) exp | DA/ =) |
¥ i

Noting that ¢3(t, t) = 0, we obtain

@3t to)= J

0

ealt, 7)- [DAr) - DAt + T, )] exp | DA(0) 2] ar.
» w
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Using Lemma 1, (50), and the fact that |[DA;(t)— DAf(t)| = B(t — to), we obtain

t
_ | _ —
”‘P3(t’ tO)”gK%J e (vo/ )t );[E(T—to)+/.LK4] e (vy/m)(r—1t4) dar
to

2

< ~ '
= _'[L_1 e (vo/u)(t—ty) J [B (1' — tO) + MK4] dr
to

=uk} e"%/u)(t—to)[ﬁ(_‘ - "’)2 + K4(t — t")]
2\ u ©

2B +K4]
Yze Y2€
23 K4

_/.LKI[

=K
~ \/ lell

Next we establish the existence of solutlons of (43) and (44). Let us first remark
that the state transition matrix of the system 7 = Ao(¢)n satisfies

(52) lpo(t, )= Ke exp st —sl], foralls, s =1,

for some positive constants. K, v3, (see [14, p. 287]).

LEMMA 3. There exists a positive scalar v such that foralle e H, 0<|le||= v, t = 1o,
there exists a continuously differentiable bounded solution L(t) of (43) and (45),
satisfying
(53) L(t)= A7 (A7) +O(lel).

Proof? Every solution of the integral equation L(t) = SL(¢), where

5 SL(t)= @1(t, t))A7 " (to)Aso(to)eo(to, 1)

+ J: i, s)[——”—lDAfo(s)-*-L(s)Aof(s)L(s)]qoo(s, t)ds

0

is a solution of (43) with initial condition (45). Hence it is sufficient to prove the
existence of a solution of this integral equation. Using the identity

(55) LAoyL—LAL =(L—L)AqL+LAo(L—L)

and expressions (48) and (52) we obtain

(56) ISL (1) SL(r>||<KK"“ I 2 Ao AL+ 121D,
and

ISL(= e K. Ks DA+ Ao ILIP)
(57)

KAt Al exp | (2= v) - o))

3 In this proof L belongs to the space of bounded continuous Y. hi X o matrix functions on the interval
[to, °0) with the norm ||L||=sup,= |L(¢)|| where the matrix norm can be any norm. This space is a Banach
space.
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Letting

2 _
(58) p = 2KK IDA+ A7 @)l Al

we choose u* >0 so small that

(59) uw¥y;=2 and MHAg,«Hp =1
2 Y1

If |IL|=p, |L||= p, then for 0<pu = u* we get

(60) ISL —SL||=3|L - L

and

(61) ISL()] =3p.

By the contraction principle the solution L(¢) exists and is unique in ||L||< p. To prove
(53) we let

(62) L(t)= A7 (t)Aspo(t)+ AL(t) 2 Lo(t)+ AL(2).
We note that AL(t)= 0 and that AL(¢) satisfies

o1
(63) AL ==(DA;+uLoAo)AL —ALA, +ALAAL+R;,
m

where R;=LoAoLo—LoAo—Lo. Let ¢,(t,s) and ¢4(t, s) be the state transition
matrices of equation (8) and ué = (DA(t)+uAs ' (t)Aso(t)Aos(t))é, respectively. The
norm of ¢,(t, ) satisfies an inequality similar to (52) with constants K7 and y4. By
Lemma 2, the norm of @4(t, s) satisfies an inequality similar to (50) with constants K
and ys <vy:. Then from the form of the solution of (63)

64) AL(t)= J @a(t, YAL(s)Aof(S)AL(s)+ R1(s)]e. (s, t) ds,

0

it follows that
K K7u
AL =——"=(lA o IALI? +|IR 1)
Ys — MKY4

K K,
Vs

(65) =u (A oL oll+ LI + IR I) = uKs

~ W-V-llell,

for some positive constant Kg, which proves (53), and » can be chosen in a way similar
to that in Lemma 1.

LEMMA 4. There exists a positive scalar v such that for all e e H, 0<|le||= v, t = to;
there exists a continuously differentiable bounded solution M(t) of (44) and (46),
satisfying

(66) M(@0)= Ao (A7 () +O(lel).

The proof of this lemma is similar to that of Lemma 3. Based on Lemmas 3 and 4
the matrices of the transformed system (42) can be written as O(|l¢||) perturbations of
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A, (1), DA,(t), that is (42) becomes
(67a) y=A,@0)+0(lelh)y,  y(to)=xo+O(lel)
(67b) uo =(DAH(t)+ O(lel))v,  v(to)=2z0+ Lo(to)xo+ O([el).

Proof of Theorem 1. Since the transformation (41) is nonsingular for all
sufficiently small € € H and L(¢), M (¢) are bounded for all ¢ = 1, it is sufficient to show
that each subsystem (67a) and (67Db) is uniformly asymptotically stable. This immedi-
ately follows from Lemma 2 and Theorem 9 of [13, p. 70].

Proof of Theorem 2. The uniform convergence y(t)- x(t) as |le]| = 0 follows from
the continuous dependence of the solution of (67a) on the right-hand side and the
initial conditions. Lemma 2 guarantees the uniform convergence v(t)-> Z((t —to)/ ) =
Z (7). Using the inverse transformation of (41), we obtain

(68a) x(t)=y(O)+uM (@D "v(t)= £(t)+ O(le),
(68b) z(t)=—L()y )+ ~pL(OM@D o()=~A7 ()A)E()+Z(r)+O(lel)
which proves (11).
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CONTROL AND STABILIZATION FOR
THE WAVE EQUATION IN A BOUNDED DOMAIN*

GOONG CHENT

Abstract. Exact controllability problem of the wave equation is studied by the stabilizability method of
D. L. Russell. It is shown that if we use the linear ‘“‘velocity feedback,” then the energy of the system will
decay uniformly exponentially and exact controllability can be achieved. In case the velocity feedback
contains a certain nonlinear dissipative term, then we prove that this system evolves as a nonlinear
semigroup with respect to time. Certain estimates for the nonlinear equation are also obtained.

1. Introduction. In this paper we shall be concerned with the control problem for
the wave equation
2
a.1) %t—‘;’-Aw=f(x, 0, xeQ, 120,
in a suitable function space, where Q is a bounded domain in R" and f(x, ) is a
distributed parameter control.

Control problems for the wave equation in a bounded domain have been dis-
cussed by very many mathematicians, notably, [10], [11], [19], [20], [21], [22], [23],
[28], [29], to mention a few. In comparison with the existing literature, the controls we
have obtained in this paper have the following features:

i) they are distributed parameters of the “velocity feedback” form;
ii) they provide us with better regularity property (Theorem 2.5);

iii) exact controllability is achieved.

Basically, this paper consists of two parts: the linear part § 2 and the nonlinear
part § 3. In § 2, the linear theory of controllability and stabilizability is discussed; the
main theorems are Theorems 2.4 and 2.5. There we show the exponential decay of a
semigroup associated with a wave equation with dissipation; thus, it provides us with
the feedback controllers to achieve exact controllability, by D. L. Russell’s “con-
trollability via stabilizability”’ principle. In § 3, we consider the case when the feed-
back controllers are of a specific dissipative nonlinear form. We prove that this system
evolves as a nonlinear semigroup (Theorem 3.3). Certain estimates for that nonlinear
equation are obtained (Theorem 3.5). Unfortunately we have not been able to derive
a nonlinear version of Russell’s ““controllability via stabilizability”” argument.

Throughout this paper, ) denotes a bounded, open, connected subset of R™ with
piecewise C* regular boundary I" (= 8Q)). There is no restriction on the geometry of
the domain (), as is in contrast to the case of the boundary value controls [4], [17],
[18]. We use H™(Q) to denote the real Sobolev space of order m > 0. We use Hg (Q)
to denote the completion of C§ (Q) in H™(Q).

From now on, %; and %, will denote the spaces H{(Q)®H°(Q) and (H*(Q)N
H(Q)® H{ (Q), respectively. They are equipped with the inner products

(w1, v1), (W2, V2o, = I (grad wy - grad wa+v; - v2) dx,
(9}

1.2
(1.2) ((Wl, v1), (w2, Uz))ac’z ={wy, W2>H2(n)+<vl, 02>H‘(n)‘

The inner product (1.2) is the “energy inner product” on ;. By Poincaré’s inequality,
(1.2) induces a norm on ;.

* Received by the editors November 22, 1977, and in revised form February 10, 1978.
t Department of Mathematics, Southern Illinois University, Carbondale, Illinois 62901. Now at
Department of Mathematics, Pennsylvania State University, University Park, Pennsylvania 16802.
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The homogeneous wave equation

3w
1.3) ~a—t-2-—Aw =0

can be written in the form of a system

alo)-[a ol
(1.4) dilvl La ollo
with A defined as above and D(A)= ;.

w v
A=)
v Aw
We are now in a position to pose the
ExAcT CONTROLLABILITY PROBLEM (ECP): For the system

Fy(x, t
ya(;);—)—Ay(x, N=fx1, xeQ, =0,

(©S) y(x,1)=0, xedQ, 0=t=T,

given any initial state
09 o= Lol []ex

find a control fe L*(Q %[0, T)) so that the solution of (CS) and (1.5) satisfies the zero
terminal condition

y(x, T)=0, z(x,T)=y.(x,T)=0, xel.

This is the problem of “‘null’’ controllability. The general controllability problem
can be solved by using the time reversibility of the wave equation.

2. Controllability via stabilizability principle applied to the wave equation. The
main idea in this paper is “controllability via stabilizability’’ principle. It can be said to
be the most efficient method to obtain exact controllability for hyperbolic partial
differential equations. For a finite dimensional control system

d

o+ =Ax+Bf, xeR", feRY,

2.1) .
A, B are constant N X N, N X M matrices,

Russell’s principle can be stated as follows:
THEOREM 2.1 (Russell [18]). Let the system (2.1) be both (+) and (-) stabilizable,

(or, completely stabilizable), namely, there exist two M X N constant matrices K= and
K such that

2.2) A*=A+BK",
(2.3) A =A+BK"

have, respectively, only eigenvalues with negative and positive real parts. Then the
system (2.1) is controllable.

The main idea in the proof of the above theorem is to use feedback signals
(2.4) ffO=K"x"@), fO=Kx(
from auxiliary systems. The control f is obtained by ‘“blending” the above signals, i.e.,

(2.5) fO=fO+f ).
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In the proof, it is essential that we have
2.6) le* =K e  t=0,
(2.7) le ™ |=K,e*, =0,

for some K;, K,, a >0, in order to guarantee the invertibility of a certain trans-
formation when ¢ is large.

Theorem 2.1 can readily be extended to an infinite-dimensional control system
after a suitable modification. Let X be a Banach space of functions and let

(IDCS) %x = Ax + Bf, x(0)=x0e X
be a linear evolution equation in X, where

x = x(t): the state of the system at time ¢;

A: an (unbounded, densely defined, closed) operator from D(A) into X ;

f: control, an element in the control space C;

B: an (usually bounded) operator from C into X.
Suppose we can find two operators K*, K~ from D(K*")< X, D(K)c X into C
satisfying the following requirements:

R1) D(K")2D(A), D(K)2D(A);

R2) A"=A+BK" and A=A+ BK ™ generate two strongly continuous semi-
groups S*(#) (t=0) and S7(¢) (¢ =0) which decay forward and backward with respect
to time, namely,

2.8) ”S+(t)"§M1 e—mlt, M, w,=0, t=0,
2.9) 1S~ =M, e, M,, w20, t=0.

Then the exact controllability result for the control system (IDCS) follows immedi-
ately.
Let us return to the distributed parameter control problem of the wave equation.
First, we consider the damped wave equation
a*w

d
Ez—-ka(x)a—:‘LAw =0 in{,

(2.10) w|r=0 (boundary condition);

w(x,0)=wo(x)e HX(Q)NH(Q),  wix, 0)=vo(x)e H} ()
(initial conditions),

where
(2.11) a(x)za>0 ae.onQ, aecL?(Q).
It can be written in the following form as a system
I O 1 R W AR
12 — = =Al |, th D(A)= ;.
(2.12) dtLv A a(x)I1lv v W (A) :

We summarize the functional properties of the operator A below.

THEOREM 2.2. i) A isa densely defined, closed, dissipative linear operator on .

ii) A™" exists and is a compact operator on ¥,. Furthermore, the resolvent operator
R(A; A)E (A —A)" is compact for every A belonging to the resolvent set of A.

iii) A is the infinitesimal generator of a strongly continuous semigroup S(t) of
contractions on ¥;.
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Proof. Without loss of generality, we shall assume that a(x)=2y>0.

i) itisa erutine procedure to verify that é is densely defined, closed and linear.
To show that A is dissipative, let (w1, v1)e D(A).

AL D=l S D
= L [grad v, - grad w1+ (Aw;1—2yv,)v1] dx

(2.13) =—Ivl~Aw1dx+JAw1-vldx—2vafdx

=—2y[ v] dx =0.

ii) Let (f, g) be any given element ;. Consider the equation

(2.14) A[W]=[f].
v 4
This is equivalent to solving
(2.15) v=f,
(2.16) Aw—2yv=g.

Substituting (2.15) into (2.16), we obtain
Aw=2yf+g, wlr=0.

The above inhomogeneous boundary value problem has a unique solution we
H*(Q)N HY (Q) with the property that

(2.17) Iwllz2oy = Kall2vf + glliz@

Thus (2.14) is completely solvable and

WM

Since %, is compact in %, we conclude that A" exists and is a compact operator on
.

From a theorem of classical boundary value problems, we know that A can have
at most a point spectrum and that (A —A)_l is a compact operator for every A in the
resolvent set of A.

iii) This follows immediately from (i) and (ii) and Lumer-Phillips’ theorem [16].
This proof also follows from Theorem 3.1.1 [16] because A is a bounded perturbation
of a skew-adjoint operator A (which is the generator of a group of isometries on ).

From the analytic theory of semigroups, we obtain the following theorem.

THEOREM 2.3. The abstract Cauchy problem

(2.18) ’5}[:((:))]:[2 a(i)z][:((:))]EA[‘:((tt))]

has a unique solution

(2.19) [W("’)] =S(t)[w0]e ([0, ); %)

v(:,1t) v
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for every initial state (wo, vo) € 1. We have, furthermore, the classical solution

w(,t w
(2.20) (% D)= 5[ "]« o, ox DN (10, ), 20)
U(' s t) Vo

if the im'tiAal state (wo, Vo) belongs to D(A)= %,, where [¥5] is normed with the graph
norm of A.

In the following theorem, we give a proof of exponential decay for the contrac-
tion semigroup in Theorem 2.3, based upon the energy method (cf., e.g., [24]).

THEOREM 2.4, Let w(x, t) be the solution of the equation

*w ow

2.21 A W AW =
@21 Tl —Aw =0

with initial state (wo, vo)€ 1. Then there exist K, B > 0_such that

(2.22) (L [(Z—?)zﬂgrad w|2] dx)l/2E ‘S(t)[:};)] s, §Ke_m"[:12]

for all (w,, vo)€ ;.
Proof. We first consider those (wo, vo)€ ¥#>. We multiply (2.21) by aw/(3t) and
integrate by parts to obtain

%1

1d ow\? 2] J’ (aw)"-
) -z hadd + — =0.
(2.23) : dt”(at) +lgrad wl | dx+ | a@)(3) dx
Similarly, we use Aw and obtain
d [ow j(&w)z 1 dj 2 J' 2 ]
: — | =wdx—| =) dx+-— dx + d =0.
(2.24) A[dtj o wdx o dx > 7 a(x)w” dx lgrad w|“dx|=0

Adding (2.23) and (2.24), we obtain

1 2
d I [(91) +|grad w|2+2)\%w+)ta(x)w2] dx

2 dt ot
oW\ 2 2 <8w>2]
—_— + — — = .
+J [a(x)(at) Algrad w|"—A o dx=0

We write the above simply as

(2.25)

(2.26) %P+ Q0=0.

By Poincaré’s inequality, there exists a constant C; such that

(2.27) j wldx=C, J lgrad w|* dx.

Let C, be a constant such that

(2.28) ess sup a(x)=Cs.

Now if we take 0 <A =min (3, 1/Q2(C, + C,C»))), from (2.25) we have

%j' [(%—v)zﬂgrad w|2] dx §P'(t)§J' [(%)2+ lgrad le] dx.
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On the other hand, if we take 0<A =min (a, 1/(2¢1))

Q-(t)éJ’ [%a(%?>2+)tlgrad w|2] dx=C; J [(%)Zﬂgrad w|2] dx = C3P(t),

where Cs=min (3a, A). Thus (2.26) implies
d - _ d- =
—P+CP=—P+Q=0.
dt P=5PrQ=0
Hence
P(t)=P(0)e ",
so we obtain

2

W\ 2 _ _
(2.29) I [(5:—") +|grad w|2] dx =4P(t)=4P(0)e ' =4 ¢ <

(5]
Vo
Since (2.29) is independent of the 9>-norm of (wo, vo) by the continuity of the
semigroup S(¢), (2.29) remains true for (wo, vo) in #;. Q.E.D.

Now, the exact controllability problem (ECP) posed in § 1 is readily solvable.

THEOREM 2.5. There exists a control f(x, t) L>*(Q X [0, T]) such that for any given
initial state (wo, vo)€ 1, f steers the system (CS) to the state (0, 0) at time T if T is long
enough. Furthermore, f can be chosen in C([0, T], L*(0)).

Proof. The method we use here is standard, [17], [18], [21], indeed, it is the

infinite-dimensional version of ‘‘controllability via stabilizability”’ principle. We let i
be the solution of

%

2 ~ ~

(2.30) ‘ZTZ’—Aﬁ -—a (x)‘Z—Z’, a(x) satisfies (2.12),
Mo .
(2.31) [{ ] € ¥, (initial state).
0

An energy decay result of the form (2.22) then applies. We take T large enough so
that

(2.32) Ke ®T<1
and obtain
(L T —g1f|[ 0
233 Gl =17
(2:33) ¢(-, T)Jllse, Lodllse,
For 0=t=T we let
(2.34) fox,)=—a (x)%?(x, 1).
Now let 9 be the solution of
M _pa_ N
(2.35) o A7 a(x)at,
7] n(-,T) .
2.36 [i’T]:[Tl( ’ ]e%’ terminal state).
(2.36) gA=LEc mle | )
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The term «(x)d7/(3t) in (2.35) causes energy to decay as ¢ decreases, an estimate of
the form (2.22) now applies to give

2ol == 1E: 2.
For0=¢t=T we let
(2.37) ﬂ&ﬂsa&%%LO.

We let

(2.38) (fio, £0)= (A (-, 0), £(-, 0))
and observe that

(2.39) n=n-1

is a solution of

0
(2.40) 1 an=f

if we take

(2.41) f=f-f
We have

(2.42) n(-, 0)= 10—,

(243) (¢, 0(=22,0) = o=l

and (by (2.36) and (2.39))
(7l Lol

Thus the control f steers the initial state (2.42), (2.43) to (0, 0) during (0,~ T).
From (2.35), (2.36), it is clear that (9o, {o) depends linearly on (70, {o) SO We can
write

(2'44) (ﬁ07 20)=F(ﬁ09 50), F:%la%l, "F“§Ke-BT<1
Then (2.42), (2.43) become
(Mo, £0)= I = F)(310, {o),

and since ||[F||< 1, we can solve for arbitrary (no, {o) € ¥, to give (wo, vo) in Theorem
2.5. Thus f solves the exact controllability problem.

Since the steering function f is defined by (2.34), (2.37) and (2.41), we obtain
fe L*(Qx[0, T]). By choosing « (x) a positive constant, we obtain f € C([0, T], L*(Q))
since both 34/a¢ and 34/at are in C([0, T], L*(Qt)). Q.E.D.

Remark 2.6. Theorem 2.5 was obtained independently by D. L. Russell by using
the controllers (2.34), (2.37) with a(x)= C > 0. His result was unpublished.

Remark 2.7. From (2.32) and (2.44), we easily see that the control time T cannot
be made as short as we wish, due to the presence of the constant K. The reason is
simple: because we have used velocity feedback as our controls, the wave propagation
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speed in a bounded domain is finite; therefore it takes a while to spread the control
effect all over the domain ). In order to obtain exact controllability as fast as we wish,
we must include a compensation factor in the feedback. See [5] for the details.

Likewise, the decay rate coefficient 8 in (2.22) cannot be magnified by magnify-
ing the damping coefficient a(x) in (2.11). This can be shown by an eigenfunction
argument as follows. Let {¢x} be a complete orthonormal set of eigenfunctions of
(=A) in L*(Q), with corresponding (strictly positive) eigenvalues {A %}. For any w(x, t)
which is the solution of the damped wave equation

*w ow

- ——Aw=0,
(2.45) T2y~ Aw

with initial state (wo, vo) € #>, We can represent it by

(2.46) wx, )= Y are™ ¢i(x)
k=1

and the ux’s are determined by (2.45):

(2.47) Y (i) ax e ™o + Y (i )2yar e ™ 'di + 3 A var e i = 0.

The L*-convergence of each of the above series is ensured by the regularity of the
initial condition. Thus each w; must satisfy

—wi+i2yue+Ai=0
)
(2.48) e =Iy=+ \/XZ—_'yZ
A formula in [7], [12] informs us that

k 1/N
(2.49) A~ 27(—) . klarge,
wNV

where N is the dimension of R". , wn is the volume of the N -dimensional unit ball and
V is the volume of Q. Thus (2.49) can be used to obtain asymptotic values for wr.
Hence

Iw(-, Oller =K1 e |l(wo, vo)llse, K,>0,

where
(2.50) B =—sup Re {iur}r-1>0.
Similarly,

ow —pt

oG, Dllwo= |22, )| =Kz e Iwor vl Ka>0.

at H°

Thus
el
=K .

2.51) Il[v(~,t) %, ¢ vodllse,

By continuity of the semigroup, (2.51) remains true for (wo, vo) € ¥;. From (2.48) and
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(2.51), we see that as y becomes large,

B =—sup Re {iux} = —sup Re {—yd:x/'yz—}\kz}
2
=y(1—¢1—(al/y)’)~-2"—;¢o as y 1 0o,

Therefore magnifying the damping coefficient 2y will have the opposite effect of
diminishing B. This phenomenon can also be overcome by adding a compensation
term [5].

Remark 2.8. Theorem 4.2 can be proved without using the energy method. An
alternative proof by control-theoretic method (first developed by Quinn and Russell
in [17]) proceeds as follows. First, we notice that we have proved (2.51) in Remark
2.7. Hence Theorem 2.5 is true (just think of a(x)=2y>0). Let w(x,t) be the
solution of (2.21) and let y(x, ¢) be the solution of

a2
aT_ Ay=f,  yla=0,
y(x,0)=0, z(x,0)=y,(x,0)=0 (initial conditions),

steered by a control f from the initial state (y(x, 0), z(x, 0))= (0, 0) to the final state
O0& 1), z(x, T))=(w(x, T), v(x, T)) (= (w(x, T), w,(x, T))).
Applying the divergence theorem, we have

o= [ [ LG -an) 500 ana

=LTHM(‘3§ aat+grady grad w)] dxdt+L H (x )———f]——dxdt

Therefore

L [(%(x, T))2+|grad w(x, T)lz] dx=J;TL [f a(x) ] dx dt.

By the Cauchy-Schwartz inequality,

T (aw\2 {J [ew/ @), T))* +lgrad w(x, T)]*] dx}’
2.52 — =
( ) .[) I(at\) dxdr= I Lf —a(x)@y/a)) dx dt

In the controllability proof of Theorem 2.5, we know that the denominator of the
right-hand side of (2.51) can be bounded by a positive multiple of | [(9w/(3¢)(x, T))* +
lgrad w(x, T)|*] dx, i.e.,

(2.53) LTI [f—a(x)-‘;—ﬂ2 dx dt =K, j [(%L:(x, T))2+ lgrad w(x, T)|2] dx

It is implied by (2.21) that

[ [(Z0x, )"+ lgrad wis, 0 | ax = [ [(Z26e, ) "+ lgrad we, 7] ax

=LTJ a(x)(%’tf(x, t))zdxdt



THE WAVE EQUATION IN A BOUNDED DOMAIN 75

= by (2.12), (2.52), (2.53),

=4} LTJ (%?(x, t))2 dx dt gKil.[ [(%‘:-)(x, T))2+ |grad w (x, T)Iz] dx.

Hence

e ol smdlaoll,  @=ox

Repeating the above reasoning, we have

I 6 ool =zl el

smrm Lo ol
TA+K)Y ML vx, 0) s,
Hence the exponential decay reAsult is proved.
Remark 2.9. Comparing A in (2.13) with A in (1.4) as well as with A™ in (R2),
we notice that A plays the role of A" with

A=A"=A+BK",

A

i.e.,
[O 1 ]_[0 I]+[O 0 ]
A a@x)I A O 0 a(x)
0 0 " .
SO [ ] plays the role of BK ™. In [5], a more general form of BK ™~ with the
0 a(x)
appearance
I bl
BK* = [a b ], a, b, ¢, d complex numbers,
cd dI

is discussed. This, in particular, means feedback signals of the second order (i.e.,
involving 8>w/(at%)).

3. The case when the feedback control contains a nonlinear term. In the previous
section, we see that the steering function f(x,?) is obtained by “blending” two
feedback signals. In this section we shall study the evolution of the system when the
feedback signal contains a nonlinear dissipative term. Let f(x, ¢) have the form

aw aw\3
3.1 1)=— —n-(—), , ¥2>0.
(3.1) flx, 1) Y15 T\, Y1, v2>0
We are interested in studying the equation
aw
(32) -(—972——Aw=f(x, t),

which is a nonlinear wave equation. Following § 2, we can also write (3.2) in the form
of a system

@) o) Law—yio =40
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where A is a nonlinear operator on 9.

In general, A is a well-defined operator on %, with domain [H*(Q)N H¢ (Q)]®
(H (Q)N L%(Q)). However, if the space dimension N is less than or equal to 3, we
have

(3.4) Hy(Q)<cL’(Q), 1sp<ow, N=2,
(3.5) Hy(Q)< L), N=3,

by the Sobolev imbedding theorem. Therefore for the sake of simplicity we shall
assume N =3 and this will be sufficient for all practical purposes. Thus A becomes a
nonlinear operator on #; with domain ..

Our main tool in studying the system (3.3) is nonlinear functional analysis. Some
nonlinear terminology such as maximal dissipative sets, nonlinear semigroups, mono-
tonicity, hemicontinuity, etc., will be needed. We refer the readers to [2], [8], [9], [13],
[26], [27] for their definitions.

PROPOSITION 3.1. The operator A on 3, defined by

(3.6) alyl- [Aw—ylvv —7203]

with domain D(A)= %, is a maximal dissipative operator on ¥.
Proof. For (w,v)e D(A), we have

(.7) <A[:] [:]>=—j (y10*+y20*) dx =0,

where every term in this integral is well-defined because v € H o () LY Q)= LY ().
Thus A is dissipative. _
In order to prove that A is maximal dissipative, we must, by Minty’s theorem,

show that R(I —A)= 9, [2], [8]. Let (f, g) be any given element in ¥,;. We want to
show that

(3.8) (I—A)[w]=[f]
v 8
is always solvable. This means
3.9 w—v=f
3.0
(3.10) v—Aw+yw+y0 =g

Formally, we can substitute w = v + f into (3.10) and obtain

(3.11) —Av+(1+y1)v +720° =g +Af,
G.1D)
(3.12) —Aw=g—(1+y)v—y0’,

where Af is a distribution in the space (H(Q)) =H '(Q). It is easy to see that (3.)
and (3.11) are equivalent because the Laplacian A is an isomorphism from H ¢ (Q) onto
H'(Q).

We first solve (3.11), which is a nonlinear elliptic equation of the function v only.
The method is by variational inequalities. We use the following theorem:
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PROPOSITION 3.2. Let E be a reflexive Banach space, T a monotone hemicon-
tinuous operator from E into E'. Suppose that the coercivity condition

(Tu, u)
llule

holds. Then T is surjective from E onto E'.
We define

(3.13)

»>o as [ulg->

T()=—-Az+(1+7v)z +v22%;

then T maps Hy(Q) into H '(Q)+L*(Q)=H '(Q), since ze L) implies z’€
L*(Q). Now, with slight modifications of Lemmas VI.8, VI.9, Theorem VI.1 and
Example VII.1 presented in [27], we summarize the properties of T below:

1) T is strictly monotone from H§ (Q) into H ™ '(Q).

2) T is hemicontinuous, indeed, T is continuous from H (Q) strong into H ~'(Q)
strong.

3) The coercivity condition (3.13) is satisfied.

Thus the assumptions of Proposition 3.2 are satisfied. Hence T is surjective. T is
also injective due to the strict monotonicity. Indeed, T~ exists and is locally Holder
continuous with exponent (2/3), i.e.,

llw1 — wallrsoy = K (If1 — fall -1 @)

for f1 = Tuy, fo= Tu, and ||f1 — fol|z-*) small.

Therefore the solution of (3.11) exists and is unique. Now w can be solved from
(3.12) (with the Dirichlet boundary condition), since the right hand side of (3.12) is in
L*(Q). A unique w € H*(Q)N H(Q) solves (3.12). Thus (3.8) is solved and the proof
is complete. Q.E.D.

We readily conclude the following:

THEOREM 3.3. The nonlinear operator A in (3.6) generates a strongly continuous
nonlinear semigroup of contractions on .

This theorem follows from Proposition 3.1 and a theorem of Crandall and Pazy
[9]:

Let S be a maximal dissipative set in H X H, where H is a Hilbert space.
Then there is a unique strongly continuous semigroup of contractions S(¢)
on D(T) such that T°, the minimal section of T, is the generator of S(t).

Because the operator A is single-valued, we know that A = A° is the generator of
S(t). We know [9] further that for any x € D(A)= %.x:
(i) S(t)x e D(A) for all t =0 and the function ¢ > AS(t)x is continuous from the

right on [+, c0).

(ii) S(¢)x has a right derivative (d*/dt)A(t)x at every t=0 and (d*/dt)S(t)x =
AS(t)x for all t=0.

(iii) (d/dt)S(t)x = AS(t)x exists and is continuous except at a countable number
of values t = 0.

From the above we see that S(¢)x is “less smooth” than a classical solution
because (d/dt)S(t)x = AS(t)x is only right continuous on [0, ).

Remark 3.4. From [13], we have learned that if we use the ‘“method of com-
pactness,” then the solution w(x, ) of the nonlinear equation

Fw ow ow\ 3 _ 1

(3.14) ?Mlng(g) —Aw=0, weH(Q),
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(3.15) w(-,0)=woec H*(Q)NH(Q),

(3.16) wi(+,0)=voe Ho(Q),

exists and is unique, with the following properties:
(i) we L™, T; H(Q)NH (Q));

(ii)

(3.17) aw/ate L*(0, T; Hy (Q));

(iii) 9°w/at>e L0, T; L*(Q));

(iv) ow/are L*(Qx (0, T)) (implied by (3.17) in this case).

If the initial conditions (3.15), (3.16) are less smooth, say, we have
(3.14),  w(-,0)=weeHo(), wi(-,0)=0voeL*(Q),
and if we use a combination of the method of ‘“monotonicity”’ and ‘‘compactness,”
then the solution also exists and is unique, with
(v) weL™(0, T; Ho (Q);

(vi) aw/ate L=(0, T; L*(Q)).

In the following theorem we show some growth rate estimates for solutions of
(3.2) with smooth initial condition (wo, vo) € #>. Unfortunately, due to the presence of
the nonlinear term, we cannot obtain a strong exponential decay result. Neither can
we derive a nonlinear version of the ‘“controllability via stabilizability’’ principle.

THEOREM 3.5. Let w(x, t) be the solution of

a’w ow aw\3
—rtvi ot 72(—2) —Aw=0,

3.18
( ) at ot at

(y2 small)

with initial conditions

(3.19) w(-,0)=woe H*(Q)NH (),

(3.20) v(.,O)(E%”(-,O)) =voe Hj(Q),

and boundary condition
w(x, B)lxer=0, t=0;

then there exist constants K, a >0, which are independent of (wo, vo), such that

- . 2 2 at 6

(3.21) ':(( :))] éK{e"’" [’:"] + j e“‘*">(‘2—’:) dx df},
L Sy ¥ 0 ¥ J0 YQ
- 2 2 mt

(3.22) Wl ’t)] éK{e_“' [Wo] + J e* " Pw? dx dr},
Lo(-, £)dllg, Vodllge, Jo Ja
_ 2 2 4

(3.23) wl ")] gK{e““' [W"] + [w"] -1(1—e“")}.
Lo(-, ) g, vodlise, Nl vollg, a

Proof. Again, we use the energy method. Multiplying (3.18) by aw/(8t)+Aw and
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integrating by parts over (), we obtain

0 1[ 6w> 5 >]
2 (=) + + +
Py L 5 (at |grad w| A( St dx

A (G Tl (G (5) w]}as -0

We write (3.24) simply as

(3.24)

dP
3.25 —+ 0.
(3.25) 7 re=
By Poincaré’s inequality, there exists a constant K >0 such that

J w? dx §KI lgrad w|* dx.

If we choose 0<A <min (3, 1/(9C)), then

(3.26) éj [Igrad wl +(2 ) ]dx =P@)=- J [Igrad wl|? +<1t>2] dx
ie.,
Aol

1 W( ’ t) g
3.27 —"[ ]
( ) 6 v(' ) t) x*
On the other hand, using Young’s inequality,
ow )\’)’2 j( )6 /\’YzI 2
. — +—== \
(3.28) j/\yz(at) waxs"2 | () ax+ 22 | w2 ax

=P@)=

we obtain

Iw\ 2 aw\* M2 Aya 5, Ay ow\®
o= ) Y oot ) D
QM) j vilG) TrlG) FAleradwi-A(Z 2 ¥ T2 \a) 1

Iw\ 2 Iw\ 4 IM\2 A
zj {71(-1) +’Yz(—‘:}> +Algrad w|? _/\(_v_v) Y2K|grad wl?

ot
A&(LWY} dx,
2 \ot
so if we choose vy, such that 0<vy,<2/K and choose A such that 0 <A <1y, we will
have

(3.29) o(t);aj [Igradwl +(a ) ]d —%’Zj (3;)6 dx,

where 8§ = min (y1— A, A(1 = (y2/2)K)).
From (3.25), (3.26) and (3.29) we deduce that

dP 6 Ay J’ (aw) <dP
. —6P— — =+
(3.30) dt 6P 5 o dx r Q=0.

By (3.27) and (3.30), we conclude that (3.21) has been proved. We remark here that
aw/at € L°(Q) because Theorem 3.3 implies aw/dr € H () and (3.5) applies.
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If we apply Young’s inequality in the following form instead of (3.28), we have

aw\3 3( (ow\* 1
31 Jan(G) waszan3 [ (57) axsg [ whar]
(3.31) )wz(at wdx =Ly, 2 (at dx+4 w"dx

Following similar procedures as above, we can obtain

dpP 5 )ty2J' . _dP
= 4+Isp-" | wi==—+0Q=0.
a e T Ee=0
Thus (3.22) follows immediately.
Since the imbedding
H(Q)>LYQ)

is continuous (indeed, compact), there exists a constant C such that

(Jwea)”

1/2

= C(I lgrad w|* dx)

[20)

Thus

4

2
j wdx = C"(J lgrad w|? dx> =c*

(%]
Vo
Using this in relation in (3.22), we see that (3.23) is proved. Q.E.D.

Note added in proof. After the present paper was submitted, the author received the
following paper from H. O. Fattorini: The time optimal problem for distributed control
of systems described by the wave equation, Control Theory of Systems Governed by
Partial Differential Equations, Aziz, Wingate, Balas, eds., Academic Press, New York
1977. Fattorini obtains exact controllability by a method using sine and cosine

operators. He does not approach the problem from the stabilizability point of view, as
we do in this paper.

%1
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AN ADAPTIVE PRECISION METHOD FOR NONLINEAR
OPTIMIZATION PROBLEMS*

K. SCHITTKOWSKIY

Abstract. Consider the problem, of minimizing a real-valued Gateaux-differentiable function ¢ over
some subset of a normed linear space. The main advantage of the algorithm presented will be that it is
possible to vary the accuracy of the evaluation of ¢ and its derivative. It is allowed to use low precision while
far from a solution and to improve it step by step as a solution is approached. In order to enlarge the
application of the algorithm, these approximations are defined by approximating sets and not by functions.
Constrained problems are transformed into unconstrained ones using a penalty approach, where the
algorithm controls automatically the degree of penalizing the function ¢. The minimization algorithm
requires a general class of gradient-type search directions, restricted only by the condition that they are
bounded away from orthogonality with the gradient. The steplength procedure is a simple reduction method
as proposed by Armijo (1966). It is possible to derive global convergence results in the sense that starting
with arbitrary initial values a critical point is approximated.

1. Introduction. Consider the general minimization problem
1) inf @ (1), uecC,

where ¢ is a real-valued function defined on a normed linear space E, and C is a
subset of E. It is assumed that

inf{o(u):ueC}>—c0.

In many applications, however, it is not possible to compute ¢ exactly or a precise
evaluation is extremely expensive. Let us consider some examples:

Example 1.1. Solve the min-max problem

min max flx, y)

with C<R", D<R™ The function ¢(x):=max{f(x,y):ye D} is (with suitable
assumptions) continuously Gateaux-differentiable, but must be evaluated by a second
maximization procedure, cf. Klessig and Polak [9].

Example 1.2. Consider the problem of finding an x e R" with

fx)eK,

where K is a closed, convex subset of R™. A solution can be derived from minimizing
the function ¢(x):=d(f(x), K)’, where d(-, K) is the distance function. If K is a
complicated set, the function ¢ can be computed only approximately, cf. [19].

Example 1.3. Let E be the set of all continuous, piecewise continuously
differentiable functions with u(0)=u(1)=0, C =E, and ¢ given by

1
()= j £, (), () di.

For the numerical solution of such variational problems with an adaptive precision
steepest descent method see [21], [22].

* Received by the editors February 28, 1977, and in final revised form March 13, 1978.
+ Institut fir Angewandte Mathematik und Statistik, Universitit Wirzburg, Wiirzburg, West
Germany.
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Example 1.4. A similar approach for unconstrained control problems was used
by Klessig and Polak [10], where E = L3'[0, T], C =E, and ¢ is given by

o (u)=gx(T, u)).

x(+, u) is the solution of the differential equation

X =f(x, u(?), t), x(0, u) = xo.

For some further comments about this example see § 2.

Example 1.5. A time-optimal heat diffusion process leads to the problem of
heating a thin rod at one end-point such that a given temperature distribution
ko€ L,[0, 1] will be approximated as soon as possible, subject to the L,-norm, with a
given accuracy &, see [23]. Using the bang-bang principle and the assumption that the
optimal solution has at most k switching times, we get a finite dimensional optimiza-
tion problem of the kind (1) with

(T, =T
for all (T, t)=(T, t1, - -, t)e R**" and
C={(T, 0):llyC, T, u(T, ) —ko( NS¢, 0= 1= - - =t =T},
where the control u(T, t) is bang-bang with jumps at ¢;, - - -, # and the temperature

distribution y(s, T, u) is given by
T

v, Tu)i= T aycos (us) [ ur)exp (- (T=m) dr
j=1 0

for all s€[0, 1], T >0, u € L,[0, T] and with suitable constants «;, u;.

It will be our special aim to overcome the difficulty that the cost function ¢ and its
derivative must be evaluated exactly to guarantee convergence. If the numerical
computation of ¢ is not accurate enough, the convergence of the minimization
algorithm cannot be ensured in general. The main advantage of the subsequent
algorithm will be that it is possible to vary the accuracy of the evaluation of ¢ or its
derivative. In particular, it is allowed to use low accuracy while far from a solution and
improve it step-by-step as a solution is approached. Klessig and Polak [9], [10], [16]
developed general algorithms and applied them to the special problems mentioned
above. Now we want to use a different approach.

The minimization procedure is derived from an unconstrained version defined in
R" [19] and in arbitrary normed linear spaces [20], which allows very general
gradient-type search directions restricted only by the condition that they are bounded
away from orthogonality with the gradient. Furthermore the steplength procedure is
the simple reduction method of Armijo [1] leading to short programming codes.

If restrictions appear, i.e. if C # E, then they are handled by defining certain
penalty functions ¢". The degree of penalizing the function ¢, i.e. the index n, is
controlled by the algorithm. This degree can be low, while far from a solution, but will
be raised infinitely, if a solution is approached.

So we get an algorithm which controls both the accuracy of the approximations
and the degree of penalizing ¢. It is possible to develop global convergence theorems
in the sense that a critical point is approximated.

In the next section, Example 1.4 is used to motivate the assumptions necessary to
construct the method and to illustrate the fundamental ideas of the algorithm. In § 3
all assumptions are gathered to define the penalty functions, the accuracy of the
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approximations, and to present the algorithm. Some preliminary results are
established in § 4 in order to achieve (in the following section) a global convergence
theorem for the unconstrained case. Some convergence results for constrained prob-
lems are given in the last section.

2. A motivating example. In order to motivate the subsequent algorithm and its
assumptions about the structure and convergence of the approximations, consider the
following unrestricted optimal control problem: Let E be identical with L[0, T, the
space of all essentially bounded measurable functions from [0, T] into R™ subject to
the norm

llulloo = ess sup flu(£)]l2,
O0=t=T
where u € E and ||- ||l denotes the Euclidean norm in R™. The cost function ¢ is defined
by

@ (u) = gx(T, u)).

x(-, u) satisfies the differential equation

x=f(x,u(t),t)

with x(0, u) = xo, and continuously differentiable functions g:R" >R and f:R" X
R™ X R-R". Let us assume that this trajectory exists and is uniquely determined for
all u € E. Leese [12] stated that the well known costate equations define the continu-
ous Fréchet differential operator D¢ in the following way:

T
De(u)v = J; p(, u)Té%f(X(t, u), u(t), o () dt

for all u, v € E. p(-, u) is the solution of the differential equation

)= “ﬁf(x(t, u), u(t),t)’p

with end condition p(T, u) = (3/0x)g(x(T, u))".

A gradient-type descent method for this unrestricted optimal control problem is
the following: Starting from an initial point u, and a y >0, the algorithm constructs an
iteration sequence {u} such that u;.; = u, —Bisk. For the search direction s, we
require that [|si]|=1 and De(ux)sk = ¥|De(ui)||; the steplength Bi has to satisfy at
least the condition ¢ (Ui+1) < ¢ (ux).

In order to realize this algorithm computationally first we have to approximate
the controls or, more precisely, we have to determine a transformation from E into
the finite dimensional space E; = R™x R’ and back using some interpolation rule.
Various methods are used in practical implementations of methods solving optimal
control problems: Hull [7] proposed polynomials and Chebyshev polynomials,
Johnson [8] preferred cubic splines, Kraft [11] continuous piecewise linear functions.
Furthermore step functions with predetermined mesh points, cf. Klessig and Polak
[10], or with variable switching times, cf. Sargent and Sullivan [18] are frequently
used. But in all cases this process serves to identify special finite dimensional subsets
E¥ < E with the space E,. For our general purpose we denote this relationship by a
so-called interpolation operator I;:E;>E{ and a so-called restriction operator
R;: E - E,, and require that I, R, are linear, bounded and satisfy the condition

LRu=u,RIz=z forallueE¥ andzeE,
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Given now any control u € E, we have to integrate the state and costate equations
to compute the cost function ¢ and its derivative. For this we need a differential
equation solver of the following more general type: If x = F(x, t) defines a differential
equation subject to the boundary conditions x(0)e Ao, x(T)e Ar, where Ay, Ar <
R"™, F:R" x R-R", then we get subsets x;(F, Ao, Ar) of R"' xR’ such that for each
g >0 there is a [, with

ILz(:)—x(Hw=e

for all z € y;(F, Ao, Ar) and [ = I.. Here x(-) is the exact solution of the differential
equation.
Application to the control problem leads to the definitions

flx, u(e), 1)
Fu((;)’ t) = —%f(x, u(), ’p ,

x,peR", te[0, T], and

A01={();0):peR”}, Ar:= :xeR"™.

9 T
o g(x)

There are various numerical realizations to determine x;(F,, Ao, Ar) of R>" xR’ using
forward and backward integration. The most simple methods are based on one-step
integration functions, for example the Euler-Cauchy method as realized by Klessig
and Polak [10]. One-step and multi-step schemes of higher order are used by Hager
[6] for the discretization of optimal control problems. He also presents the cor-
responding convergence rates. Furthermore extrapolation methods as originally pro-
posed by Bulirsch and Stoer [3] can be used for the practical implementation.

Finally we have to use the integration and restriction operators, and also the
differential equation solver to compute approximations of the cost functions ¢ and its

Y
) € XI(FI(X5 AO’ AT)a

derivative D¢. For each X € E, and [e N we determine (O

Y, Qe R" xR/, and let
o (X) = gn),

and also a matrix ¢;(X)e€ E; with the columns
d
BZf O X )"y

where y;, g;, x; are the jth columns of Y, Q, and X, respectively, and ¢ is given by the
jth element of the first row of Re withe(¢):=(¢t,- -+, )", j=1,---,1L

The subsequent algorithm proceeds from the gradient-type descent method given
in the beginning of this section. The iterates are elements of the finite dimensional
spaces E; or, equivalently, are elements of finite dimensional subspaces of E. The cost
function ¢ and its derivative D¢ are approximated by an integration rule. But the
index [/ is not fixed, the algorithm raises it whenever advantageous. It is possible to
handle additional constraints via penalty functions.

3. The algorithm. Let L(E, R) be the set of all bounded linear operators from E
into R. The norm in E and the corresponding operator norm of its dual space L(E, R)
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is denoted by | - ||. Sometimes we need the distance function d(-, U) for some subset U
of E, which is defined by

d(v, U)= inf |lo—u]

for each v e E.

The approximations are defined on a family of normed linear spaces E;, [ e
No := NU{0}. To simplify the notations, denote each norm in E; by ||- ||, too. Suppose
that there is a monotone increasing family of subsets Ef of E, i.e. Ef < Ef,; < E for
all / € Ny, and that there are two sequences of continuous linear operators R;: E —» E,,
I;: E;» E¥, e Ny. Let each R, be bijective on E¥ and its inverse be identical with I,
more precisely

2) ILRu=u, Rix=x

for all u € E¥ and x € E;. R; and I; will be called restriction or interpretation operator,
respectively. As a special seminorm we introduce for / € Np and fe L(E, R)

Il = sup {| f(u)|: Jull =1, u e Ef}.

The subsequent algorithm is based on the idea to penalize the function ¢, if an
iterate leaves the set C.

DEFINITION 3.1. A sequence of real-valued functions {¢ " }.cn is called a sequence
of penalty functions for problem (1), if the following statements are valid:

a) Each ¢" is continuous and continuously Gateaux-differentiable on E; more
precisely, the linear and bounded differential operator D" (1) defines a continuous
function De": E -» L(E, R).

b) Let L be a closed and bounded subset of E, ¢ >0, and C, be the neighborhood
C. ={z€E:d(z,C)=¢}. Then there is a §, >0, I, n. € N with

3 D" ()l = 8.

foralln=n, =, ueL\C,.

Let {¢"} be a sequence of penalty functions. Now it is possible to state the
assumption about the accuracy of the approximations of ¢", an important part of
our algorithm.

AssUMPTION 3.2. For each neN, [ €Ny, and x € E, there are subsets ®/(x)= R
and ®7'(x)< L(E,, R) such that the following conditions are valid:

a) The convergence of the approximations of ¢" and De" is uniform on every
closed and bounded subset U of E; that means for all € >0 there exists a [, € N with

“) lpr(x)—@"Ux) =&,  |ei'(x)—De"Ux)||=e

forall =, neN, ¢l (x)e ®/(x), ®I'(x)e P/’ (x), and for all x € E; with [;xe U.
b) There exists positive real numbers R and I with

®) IRI=R, |nl=1

for all / e No.

It is required that the convergence of the approximations is uniform with respect
to n. That means in practice that the convergence of the approximations depends on
the index n.

The approximations of ¢" and D" are defined by subsets and not by functions.
This makes sense for the solution of Example 1.4, as mentioned in the last section, and
for Example 1.1 or 1.2, too. As the Ith approximation at a point x € R" we would use
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the results of the Ith iteration step of an optimization procedure to maximize f(x, y),
ye D, or to minimize ||f(x)—z|, z€ K. But such an optimization algorithm is in
general not unique and the iterates depend on a lot of parameters, for example on the
choice of the initial values.

It has been shown by the author [19], [21], [23] that suitable approximations of
the problems mentioned in Examples 1.2, 1.3, and 1.5 fulfill Assumption 3.2. Klessig
and Polak [9], [10] proved the uniform convergence of the approximations subject to
Examples 1.1 and 1.4. But it should be noted that their abstract prototype algorithm
as presented in [10] requires an assumption on the rate of improvement in the
precision of the approximation to the cost function which is not needed in 3.2.

Now we are able to develop an algorithm for solving the general minimization
problem (1). A simpler version for the unconstrained case can be found in [20]. A
point u € E shall be called an optimal solution if the norm of the derivative is ‘“‘small”,
more precisely, if |De¢" (u)|; = € for an [ =, n Z n,, and if the distance from the set C,
i.e. d(u, C), is less than & where ¢, [, and n, are given by the user.

For the implementation of the procedure select positive real numbers vy;, o; with

6) 1zy;zvy>0, oc*z0;Z20>0

for all j € No; furthermore real numbers y;, o), j € Ny, with

(7) M,,‘>0, llm [,Lj=0 and a,-z—a,+1>0, lim oz,‘=0‘
J>© j>oo

The algorithm proceeds as follows:

ALGORITHM 3.3.

0) Initial stage: Choose q(0), n(0)e Ny, xo€ E4(. For k=0,1,2,- - compute
q(k+1), n(k+1), and xi+1 € Eg+1) as follows:

1) Denote [ = q(k), n := n(k), xi = x.

2) Determine pi = ovlle)’ (xi)| for a o (xk)e ®F'(xk).

3) If pi = un, let n = n +1, otherwise g0 to step 4.

4) Calculate

8) xi V=R Ixk)e Ep, set | = 1+1.

5) Determine a ¢ (xi)e ®7(xi) and a 7’ (xi)€ B7'(xk). Let pi = aulle ]’ (xi.
6) Compute a search direction s, € E; with |lsi||=1 and

9) ol (xidsi Z ville (xill

7) Evaluate the smallest nonnegative integer j =/ with
(10) el (i~ apisi)= i (i) —sapiveler’ (i,
where ] (xi —a;pisi) € ®}(xk — ajpkst) can be chosen arbitrarily.

8) If such a j does not exist, go to step 4, otherwise go to 9.
9) Define the new iterate

ol 11
X1 = X —apiSk € E

andletj, =j,qk+1)=L nk+1)=n

In other words, the algorithm works as follows: Starting from an initial point, 3.3
yields an iteration sequence xi€ E,x), k€N, and furthermore two monotone
increasing sequences of positive integers {q(k)} and {n (k)} with lim; . q(k)=0c0 and
(this has to be shown) lim, .. n(k)=00. In each iteration step the accuracy of the
approximations will be raised at least by 1. This might be replaced by a more general
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condition which only requires that the increase of the accuracy, defined by the integer
l, is unbounded.

If we omit all approximations, we see that the algorithm is frequently studied in
mathematical programming theory, see Polak, Sargent, Sebastian [17] and Leese [12]
for example, and in numerical implementations, see Murtagh and Sargent [14, pp.
215-246]. The computation of the search direction si can be characterized as a
gradient-type method. It is a “downhill” direction only restricted by condition (9)
which requires that sj is bounded away from orthogonality with the gradient. It is
obvious that (9) can be replaced by a more general condition using the concept of
forcing functions as was done by Ortega and Rheinboldt [15].

The Armijo [1] steplength rule (10) is one of the most simple possibilities from
the computational point of view to guarantee global convergence of the underlying
algorithm. On the other hand, quadratic or cubic interpolation schemes yield better
numerical results. Therefore a combination of the two methods, in the sense that a
condition of the kind (10) or a related version is used as a stopping criterion for an
interpolation routine, is implemented sometimes in existing programming codes, see,
for example, Gill [5] and Biggs [2].

Since the approximations ¢; are in general not functions, it is not possible to
guarantee the existence of a j implementing inequality (10). Therefore the restriction
“j=1" is necessary and it will be an important part of the convergence statement to
ensure that the loop from step 4 to step 8 is finite. Each index [ for which this loop will
be left, defines a new integer q(k +1).

Note that the idea to transform the iterations from E to E; and back by bounded
operators is related to a paper of Esser [4, pp. 69-88], who studied the discretization
of extremal problems

inf )= fim Jnf fu()
His results are based on the more general discretization theory of Stummel [24], who
examined the discrete convergence of mappings.

4. Some preliminary results. In this section some preliminary results are gathered
which will be helpful for proving the subsequent convergence theorem. First note that
for each iterate x% of Algorithm 3.3

I+1 I (k+1) _
(11) Liyix, =Ix, or Iq(k+1)xz —Iq(k)xk.

This follows from the assumption Ef < Ef,; for all /eNj,. Further, consider an
operator A € L(E;, R), / € Np. Then we get the estimates

(12) lAR:=RIAl,  [Al=I|AR.

Step 7 of Algorithm 3.3 indicates that the mean value theorem is fundamental:
LEMMA 4.1. For each u,v € E and A >0 there exists a A* € (0, A) with

e"(u—Av)—@"(u)=—ADe" (u—A*v)v, neN.

As an immediate consequence of Assumption 3.2 we establish now the following
lemma, whose proof is obvious:

LEMMA 4.2. Assumption 3.2a) is equivalent to the following statement: Let U be a
closed, bounded subset of E, and let ¢ > 0. Then there is an I, e N with
(13) lef (Ru)—@"(W)=e, o' (Ru)Ri—De" ()i =¢,

foralllzl,, neN, o7 (R,u)e ®/(Ru), ¢i' (Ru)e ®}'(Ru), and for allue U NEY.
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It is easy to show that the boundedness of D¢" implies the boundedness of its
approximations:

LeEMMA 4.3. Assume that the function De" is bounded on a closed and bounded
subset L of E, n € N. Then there is an M, >0 and an lye N with

ot ()l = M,

foralll=ly, x e EywithIx e L, and ¢7' (x)€ ®7'(x).
Proof. From Assumption 3.2 there is an [, N with

et (x)—De"™ (Ix)L|| <1

for all =1y, x € E; with Ixe L, and @' (x)e ®;'(x). De" is bounded on L, i.e. there
exists an M} >0 with

1De" ()| <My
for all u € L. Now choose an [ =y, x e E; with Iix€ L, and a ¢;' (x)e ®;'(x). Then
et (= 1+(De" (Ix)L| =1+ M7I = M, Q.E.D.

As mentioned in § 3, it is an important part of the convergence analysis to show
the finiteness of the loop from step 8 to step 4 of Algorithm 3.3.

THEOREM 4.4. The loop between step 4 and step 8 of Algorithm 3.3 is finite for
every k with |Do" (LayXillacey>0, where n = n(k), if pi’™ > pnu), n=n(k)+1
otherwise.

Proof. Assume that the loop from step 4 to step 8 is not finite for a k* € N with
IDe™ (Isxice)lix> 0, I* = q(k*), n* = n(k*), if per > ppary, n* = n(k*)+1 other-
wise. To simplify the notations we omit the index n*. So we get for each [>1[* a
@i(x i) € By(xier), @i (xicr) € Dixi+), and a sx € E; with

@1 (Xl )sier Z Vierllpt (x|

and

(14) @1k — apirsn ) > @i (Xir ) = 3 vyl (xicn )|

forallj,0=j=1
Let [ > I*. For each A >0 the mean value theorem 4.1 yields a A* € (0, A) with

(15)  @Ui(xix —Apisin))— @I kv ) = =Ap ixDp (I (X kox — A * p s iox )i fex.

Define £ *:=(yo/(o0*R))|De (I;»xi)||i. D is continuous, i.e. there is a § >0 with
£
€
(16) IDe (Ui = A*plessicn)) = Do (i M= 7

it | L(xkr —A*plonsior )= Iix i | S A*pie] < 8. Applying Lemma 4.3 to Li={Isx;»} we
get an [;>[* and an M >0 with ||(xk)|=M for all =1, since xkx = RilpXxpx.
Choose a A with Adc*MI < §. From

A*piod = Aol (i)l
SAc*MI<$

it follows that (16) is valid for all / = /;. Assumption 3.2 with U = {Ijxx;+} shows there
is an [ =, with

lot (xk»)six — Do (Ixi» Misix| < £*/8
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for all / = 1,. Combining this estimate with (16) we get
|D@ (I (xex = A*piessicn Wi bex — @1 (X o )s x|
=D i(xks = A *pinsicx)) — Do (L iox )| | is x|
(17) +DoIx i Misiox — @1 (Xhex S ex |
<e*/4, or
Do(Ii(x i —A*plexsio Disix = @ (x ke sk — ¥/ 4.
From Lemma 4.2, an /5 =/, can be found with
loi (xicr)R: — D (I xiex)|l = ll@ i (Ri(Tpexie» )Ry — Dep (T
=De (L xic+ )i~
for all / = /3. This yields, together with (12),
Rlloi (i) Zlet (xicn )Rl
(18) Z Do (Trexic)|li — 3| Dep (e x|+
23D (Isx,c+) -
since Ef o Ef. Therefore

] 1
PL*‘P;(X;&)SZ* = 0‘k*||‘P§ (xfc*)”‘P;(xk*)Sk*

(19) émMIsoi(xk«)ll2
= _"D‘P(Il*xk*)”l*”‘l’l(xk*)”
and
pie —Gk*ll¢z(xk*)|l lIDcp(Iz*xk*)llz*
(20)

g !
= llel (el 1D Ui
Summing up, we get for each A =8/(c*MI)and I =13 a A* € (0, A) with

@I (xir = Apiss i) — @ (Ix kex )+ 3Ap oo (X ko s e

—Ap kDI (X ks — A* pioxs ks DS ko +3Ap ko (i )5 v

(21) = — AP @i (Xix)Shex +IAplre™
=- 8A_||D¢(Il*xk*)”l*”¢1(xk*)”
_3_ )w"y

II/\

33 —7 1D (i xicx)fe.
Now choose a j* € N with a;«=8/(c*MI) and define

£ = 33ap0y R2”D‘P(Il*xk*)”l*
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The convergence of the approximations of ¢ is uniform on
5(6, I,*xk*) = {u eE: IIu —Il*xk*Hé 5}
There is an [, = I3 with

(22) lei(z)—e(Liz) <
for all [ =1y, liz; € S(8, Ii»x*), ¢i(z1) € y(z;). Let I =1,. Since
Ixix = Ipxe€ S8, Inxix) and  L(xix — ajepicxsicr )€ S(8, Imxier),
estimate (22) is valid for these points. Finally we get from (21) and (22)
(pl(xfc* _aj*p;c*s;c*)— oi(x i*)*‘%aj*Pic*(P;(x;c*)ssc*
= @ (L(Xir — appicssic))~ @Iixier) + 30p i@ (Xiex )S e + 26
<0,

or @i(Xir —appinsio )< @i(x e )—3appievislot (x| for all 1=, This contradicts
assumption (14). Q.E.D.

5. Global convergence for the unconstrained problem. Now consider the uncon-
strained minimization problem (1), i.e. the case C = E. This implies ¢" = ¢ for all n. It
is our aim to develop a global convergence theorem in the sense that a critical point of
¢ is approximated. But we cannot ensure that we get for each £ >0 a k€N with
Do (Iyjaeyxi )| < €, since we have no assumption of the kind U, Ef =E. It is only
possible to show the following global convergence result:

THEOREM 5.1. Let {x} be an infinite sequence constructed by Algorithm 3.3 with
Xk € Equy and |De (Iywyxi )laky™>0 for all k. Assume that there is a bounded, closed
subset L of E with:

a) Ly €L forall k.

b) ¢ is bounded below on L.

c) D¢ is bounded on L.

d) D¢ is uniformly continuous on U(L) :={y € E:d(y, L)=o0*IM}, where M is the
bound defined by Lemma 4.3 with respect to L.

Then there exists for each € >0 a k € N with

(23) Do Ly yxi Mquor = €.

Proof. Algorithm 3.3 constructs iterates x; € E,u) with

1 q(k+1)

k+1
Patk+1Xk+1) = Caek+1(xk) — 320 £ Dyl @ by (EC ),

where 0=j=q(k+ 1), q(k +1)>q(k). Since I g+1xt**" = Igyxx € L, Lemma 4.3.
guarantees the existence of an M >0 and a k; € N with

(24) legusnxi* ) =M

for all k = k;.
The following assumption will lead to a contradiction: There is an £ > 0 such that
forall keN

(25) IDe (Tgyxi ey > €.
A trivial consequence of (25) is [[De (Iywyxi )| > € for all k. D¢ is uniformly continuous
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on U(L). There is a § >0 with

6) IDe ()~ De(l<3 2o

for all x,yeU(L) with |x—y||=68 Denote [:=q(k+1) and choose A=
min (1, §/(Io*M)). Since Iix} = Lgyxx € L, we have

d(Ii(xic = A*pisi), L)S|L(xk = A *piesi)— Tkl
=A*pil
=Ao*Iei (xi)l
=Ao*IM =min (Ic*M, 8)

@7

for all k = k,, 0<A* <A. Therefore
(28) L(xi—A*pisi)e UL) and |[L(xk—A*pisi)—Ixil|= 8.
Estimate (26) yields

1 ye
(29) IDe (k) ~ D (Li(xk ~ A *plsi)l <3 L=
8 IR
for all k =k, 0<A* <A. From Assumption 3.2 we get a k, = k; with
, 1 ye
(30) i (xisic~ Do (Txilisk| < g 7

for all k = k,, | = q(k +1). Furthermore we conclude from Lemma 4.2 that there is a
k3 =k, with

lei ()Rl = et (Rigeyxi )Rl
(B1) =D (Lgeyxi )i = ll@ 1 (x i )R: — Do (Iix i)l
=3
=3¢,

for all k = k3, I .= q(k +1). This implies

' 1., 1.,
(32) llet Gl §E”¢1 (xR 3;”401 (xRl =

BlW

£
R
for all k = ks, I := q(k +1). Combining (29) with (30) we get for all k = k3, | = q(k +
1), and 0<A* <A =min (1, §/(Io*M))
|De (Ii(xi = A*piesi sk — @1 (xi)sil
=I||De (Ii(xic = A*pisic)) — Do (I i)l + Do (I i)l i — @1 (x i )s il

BT
4 R
or
' 1 €
(33) D“’(Il(xfc_/\*l);csi))lzsié(p,(xfc)sf(—-z %
Furthermore
' , 3 ye
(34) SRR AHEN B, YE.
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For each A =min (1, §/(Io*M)), k = ks, [ = q(k +1) there is a A*€ (0, A) such that
the following estimates are valid:

@(Li(xi— Apksi) — e (Txi) +3Apiet (xi)sk
=—ApiDe(Li(xik = A*pisi)) sk +3Ap ki (X1 )sk

é—)tpi(%cpf(xi)si—% %) see (33)
(35) = —Api(% %-% %) see (34)

' Y€
= —3Aollei (XL)HE

=-$Aoye’/R? see (32)
< —%Aaysz/Rz.
Now choose a j € Ny with @; =min (1, 8/(c*IM)) and define
e* = 530;0v¢*/R>.
Assumption 3.2 shows there is an /.« N with
(36) ler(z)—e Uz =e*

for all r=Il.«, z, € E, with L.z, € U(L), and ¢,(z,)€ ®,(z,). Consider a k4= k5 such that
q(k+1)=max (I;+, j) for all k = k4. Then

a7 L(xi—apisi)e UL),  loxi)—eUixi)=e*,
loi(xk — ajpisi) — @ (I(xic — apisi))| = e*
for all k = k4, | = q(k +1). Defining A = a; the following estimates are easily verified:
@i(xk — apicsic)— @i(xi) +Taipipl (xic)sk
(38) = o(li(xk —apisi) — e Ixi) +2ap e (xi)sic+ 2™
<0 (see(37)and (35)) or
o1(xk — apisic) = @i(xic) = Taipicvidlle s (xio)l-
Therefore j is feasible with respect to the j,-computation of step 7 of Algorithm 3.3;
more precisely jx=j for all k=k,. Since «; Za; we conclude for k=k, and
l=qk+1),
@(xier1) = @i(x i) = —Fapivilloi (i)
= —apivillei (xi)
= -saoyller (i)l
= —ggaa,a“yx~:2/R2 see (32)
=-9g%*,

Applying (36) we get

e (Lywer1yXie1) = @r(xir1) + ¥ = @) —8e* = (L)) —Te*
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or
e Tgr1yXic+1) = @ (Lguoyxi)—Te™*

for all k = k4. Therefore we get
I!i—Pc‘rlo (P(Iq(k)Xk) = _wa

but the function ¢ is bounded below on L, leading to a contradiction. Q.E.D.

If L is a ball in E, then the uniform continuity of the Gateaux-differential
operator D¢ implies the existence of the Fréchet-derivative in L; see for example
Ljusternik and Sobolev [13, p. 310].

6. Global convergence for the constrained problem. Consider now the general
problem (1) with restrictions and let {¢"} be a sequence of penalty functions. In § 4 we
have seen that the loop from step 8 to step 4 is finite. Using the convergence result for
the unconstrained case it is easy to show that limy .. n(k) = c0:

THEOREM 6.1. Let {x.} be an infinite sequence constructed by Algorithm 3.3 with
xi € Equey and D" * P (LgoyxiNlacy>0 for all k. Assume that there is a bounded,
closed subset L of E with:

a) Iq(k)xk € LfOl' all k.

b) ¢" is bounded below on L for each n.

c) D" is bounded on L for each n.

d) De¢" is uniformly continuous on U,(L) ={y € E:d(y, L)= o*IM, }, where M,, is

the bound defined by Lemma 4.3 with respect to L, n € N.
Then we have

(39) lim (k)= o0

and there is a subsequence of {xi}, i.e. an infinite subset S of N with
(40) lim 1D ™ Uq eyt Nlagey = 0,

(41) lim d(Igyxe, €)=0.

Proof. Assume that there is a k* e N with
P;c > o

for all k=k*, | :=q(k), n* = n(k*). Then Algorithm 3.3 is a procedure for the
unconstrained minimization of the function ¢" with initial values q(k*), n(k*), and
xi=. Since all assumptions of Theorem 5.1 are satisfied, we conclude from the con-
vergence statement that there is a ko = k* with

(42) 1De" UawopioMlator < tn+/ (25*I).
Lemma 4.2 yields a k; = k* with
lo?™ (Rilxi)Ri = D" (Iixic )l < phnn/ (20*T)
for all k =k, | := q(k). This implies for each k =k, | = q(k)
pi=aullel” = o*Illet™ ()Rl (see (12))
=o*I(le?” (u)Ri—De™ (Il + D™ (Tixi)ll)
<* I (nr/ Ro* D +||De™ (I )1).
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Without loss of generality we assume that ko= k;, since (42) is valid for infinitely
many k. This implies

k
pz(() o < Un*

and leads to a contradiction; we get limy_on(k)=00. Let £ >0 be chosen arbitrarily.
Step 3 of Algorithm 3.3 and condition (7) ensure that there is a ko with

loat (xoll<e/(2R)
for infinitely many k = ko. From Lemma 4.2 it follows that there is a k1 = ko with
llo a0y (RaterTateyec)Rar = Do ™ TageyiiMager < €/2
for all k =k, n e N. Therefore we get a k = k; with
1D ™ Lyt Vacer
= lleat (x)Rawy— Do " UaeytiNacer
+Rlleqt (xi)l
<g/2+Re/(2R)
=g.

This shows statement (40).
In order to show (41), assume that there is an € >0 and an infinite subset S’ of S

with
(43) d(Tgwyer, C)> €
for all ke S'. Let
C. ={yeE:d(y,C)=¢}.

Since {¢"} is a sequence of penalty functions (see Definition 3.1) we know that there is a
6. >0 and [, n. € N with

[De" ()] = 8.

for all =1, n=n,, and ue L\C.. Now choose a k € S’ with q(k)= 1. and n(k)=n..
From I,y € L\C, we conclude for all k =k, ke S’

1De™ Ty eyicMagey Z e

but this contradicts (40). Q.E.D.

Since the statement of the last theorem is only concerned with the penalty functions
¢", we need some stronger assumptions to get convergence results for minimizing the
original function ¢. Let us first define

C.={uecE:du, C)=¢}

for each ¢ >0.

THEOREM 6.2. Let C be bounded, U, E¥ = E and ¢ be uniformly continuous on C.
for some € >0. Furthermore let {¢"} be a sequence of convex penalty functions with
e"(w)z o) for all u & C, lim, .« ¢"(u)= @(u) uniformly on C and {x\} an iteration
sequence of Algorithm 3.3 both satisfying the assumptions of Theorem 6.1. Then there is
an infinite subset S of N with

(44) lim g6 (xe) = inf @ (u) =: m.
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If there exists a minimizing point with respect to each ¢", then
45) lim min ¢"(u)=m and Lim @43 (x)=m.
n->o ucE k>0
Proof. Consider a sequence y, € C with
(46) lim ()= inf ¢ (u)=rm.
Since U,E¥ = E, we are able to choose y; eE}'}k) with suitable /(k)eN. Let S be an
infinite subset of N defined by Theorem 6.1. Because limies d(Ixyxk, C)=0 and

lim ., q (k)= 00, we assume without loss of generality that I« € C. and q(k)= (k)
for all k € S. The convexity of the penalty functions implies

(47) " ()¢ " (W)= D" (u)(v—u)

for all u, v € E and for all n. Since limycs d (I )xx, C)=0, we get for each k a wee C
with

(48) lim Iqueyx — wil| = 0.

Therefore we have

m= J[elg(p(u)§;(_l%¢>(wk)

IA

lim @ (Lgqeye)

. k
lim 0" )

&

(49)

lIA

é@ " CTquoxi)-
The third inequality follows from ¢(u)=¢"® (1) for u# C and the uniform con-

vergence of {¢"} in C. Inequality (47) yields for all ke §
0" L) = 0" ) — D" Ui )yi = IygoXe)-

Since yi € Efuy < Ef ), we get
1D ™ I qseyxic )(yie = Loyt )

= D" Ly eyeiNacollyie = Tagerxicll-
The boundedness of {y.} and {I,)x:} and statement (40) imply

T n(k) T n(k) =1 —
lim " (e ) =lim o™ (yi) = 1im ¢ (ye) = m.

The last estimate results from the fact that y, € C and from the uniform convergence
of {¢"}in C. Therefore we conclude, together with (49),

him " COlyoxi)=m.
Equation (44) follows then from Assumption 3.2. It is presumed that there are z, € E
with

¢"(z,)=min ¢"(z) = m,.
zeE
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Condition (3) of Definition 3.1 indicates that lim, .« d(z,, C) = 0. There is a sequence
u, € C with lim,_ o ||, — z,]|=0. The convergence of {¢"} to ¢ in C gives &,>0,
S&r >0 with lim, . £, =0, limg .. 8 = 0 such that

MmZe(y)— 8 Z@"(yi)—€n— 8k =M, — £, — 8
for all n, k € N. By picking n large and then k large, we conclude that

mz=lim m, = lim m, = lim ¢"(z,)= lim ¢(z,).
n->o0 n->oo n—->00

n->00

The last inequality follows from the fact that ¢"(z,)Z ¢(z,), if z,2 C, and from the
uniform convergence of {¢"} in C. From

lim ¢(z,)= lim ¢(u,)=m
n—->00 n->o0
we get

lim m, = m.

n->00

Therefore it is not possible that there is any accumulation point of {¢"* (Iyuxe)}
below m. This shows statement (45) using Assumption 3.2 again. Q.E.D.
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SEARCH GAMES WITH MOBILE AND IMMOBILE HIDER*

SHMUEL GALTY

Abstract. We consider search games in which the searcher moves along a continuous trajectory in a set
Q until he captures the hider, where Q is either a network or a two (or more) dimensional region. We
distinguish between two types of games; in the first type which is considered in the first part of the paper, the
hider is immobile while in the second type of games which is considered in the rest of the paper, the hider is
mobile. A complete solution is presented for some of the games, while for others only upper and lower
bounds are given and some open problems associated with those games are presented for further research.

1. Introduction. The work on search problems which are considered in this
paper has been developed in two directions. The first direction was initiated by
Bellman [6], who introduced the following search problem: An immobile hider is
located on the real line according to a known probability distribution. A searcher who
can move in unit velocity wishes to discover the hider in minimal expected time. It is
assumed that the searcher cannot see the hider until he actually reaches the point in
which the hider is located and the time elapsed until this moment is the duration of the
search.

This problem has been considered by Beck in [2] and [3] and by Franck in [9].
They found some properties of the optimal search trajectory, but a complete solution
to the problem as presented in [6] has not yet been found.

In their paper [4], Beck and Newman presented a solution for the search on the
real line considered as a game. In this game the hider can choose his hiding point using
any probability distribution whose first absolute moment is bounded by a known
constant, while the searcher can move along any continuous trajectory. This author
considered in [12], and in [13] together with Chezan, some games of this type played
in other regions, e.g., a set of rays or a plane and proved that the minimax search
trajectories are of the exponential type.

Some other variations of this problem were presented by Beck and Warren [5]
and by Fristedt and Heath [10] who used a different cost function, and by McCabe in
[15] who considered the search for a random walker. All the above-mentioned
problems belonging to the first class consider search in an unbounded region for a
hider who is usually immobile. The cases of a mobile hider presented in [15] and in
§ 4.3 of [13] consider a motion of a very specific type.

The second direction of research was initiated by the search games presented by
Isaacs in his book [14, pp. 345-350] and especially by his Princess and Monster game.
In this search game, both the searcher (the Monster) and the hider (the Princess) can
move in a bounded region Q. Each of the players cannot see the other until the
distance between them is less than r, and at this very moment capture occurs. As a
stepping stone for the case where Q is a general region, Isaacs proposed the simpler
problem where it is the boundary of a circle.

The problem where both the searcher and the hider can move on the boundary of
a circle has been solved by Alpern [1], Foreman [7] and Zelikin [19]. Another version
of this problem has been solved by Foreman in [8]. In [17] Wilson presented a solution
of a discrete version of the problem. Worsham [18] described a numerical algorithm
for solving discrete search problems of this type.

* Received by the editors November 14, 1977, and in revised form May 3, 1978.
+ IBM Thomas J. Watson Research Center, Yorktown Heights, New York 10598 and IBM Israel
Scientific Center, Technion City, Haifa, Israel.
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In the present paper we shall consider search games of the following type: The
search takes place in a bounded set Q which will be called the searching set. In some of
the games Q will be a two (or higher dimensienal) region, while in other cases Q will
be a network. The searcher starts moving from a specified point O called the origin,
with maximum velocity 1 (the time unit can be always chosen so as to normalize this
maximal velocity). The maximal velocity of the hider is w. We shall distinguish
between cases where w is equal to zero, i.e., an immobile hider, and cases where
w > 0. The results we obtained are also valid for the case where the hider’s velocity is
unbounded. It is assumed that the searcher and the hider cannot see one another until
their distance is less than or equal to the discovery radius r and at that very moment
capture occurs. In cases where Q is a network, r will be taken as zero while for cases
where Q has two or more dimensions, it will be assumed that r is very small in
comparison with the ‘““magnitude’ of the set Q.

This problem is considered as a two-person zero-sum game with the loss of the
searcher (or the gain of the hider) being the expected time elapsed until capture
occurs. A pure strategy of the searcher is a trajectory inside Q starting from the origin
O; a pure strategy of the hider is a point in Q if he is immobile and a trajectory inside
Q if he is mobile. We shall denote a strategy of the searcher by s and a strategy of the
hider by A. The strategies will usually be mixed which means that the user determines
his strategy according to a probability distribution on a set of pure strategies. Let
v(s, h) be the expected capure time when the searcher uses strategy s and the hider
uses h. The value of strategy s of the searcher is defined as

€9 v(s)=s1'1lp v(s, h)

and the value of the searcher as

() o = inf v(s).

The value of strategy A of the hider is defined as
3) v(h)=inf (s, h)

and the value of the hider as

) v =sup v(h) (v=0).

Usually we shall have & =v = v, and in this case the value of the game is denoted by v.

An optimal (resp. e-optimal) strategy of the searcher is a strategy s* which
satisfies for all A:

5) v(s*, h)=v (resp.=v(1+¢)).

An optimal (resp. €-optimal) strategy of the hider is a strategy h* which satisfies
for all s:

6) v(s, h")=v (resp.Zv(1—¢)).

It should be noted that in order to prove the optimality of s* it is sufficient to
prove (5) only for pure strategies of the hider. A similar statement holds for h*.

In this paper we present the optimal (or £-optimal) strategies and the value for
several search games belonging to the type previously described. The description of
the results will be presented in the next chapter.
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2. Description of the results. In order to describe the results we use some
additional notations:

u —The Lebesgue measure of the set Q. Thus if the players move on a network, u
is the sum of the lengths of all the arcs in Q, while if Q is a two or three
dimensional region then w is the area or the volume.

g—The maximal rate of discovery of the searcher, i.e., the maximal measure of
points which can be detected in a time unit. Since the maximal velocity of the
searcher is 1, it follows that for the case where Q is a network g =1, for the
case where Q is a two dimensional region, then the sweep width is 27 so that
the maximal area g of the strip which can be detected in a unit time interval is
2r; by a similar reasoning, g is defined as mr” for three dimensional regions,
etc.

A general description of the results follows:

In § 3 we consider the case of an immobile hider. If Q is two dimensional then it
has been demonstrated by Isaacs (see [14, pp. 345-346]), that the value of the game is
approximately u/(2g). We shall extend Isaacs’ result to some networks: For an
Eulerian network, the same result is true so that the value is 3(u/g) (=31 because
g =1 for the case of a network).

We shall show that 3u is the lower bound for any network. The other extreme
case which represents the upper bound occurs when Q is a tree. In this case we prove
that the value is u. An interesting intermediate case when Q consists of an uneven
number of nonintersecting paths of the same length between two points is also
considered.

The subsequent chapters are dedicted to search games with a mobile hider. In § 4
we solve such a problem for the case where Q is a set of k nonintersecting paths of
equal length, connecting two points. We show that the value of this game is u/g (= ).
This result which is an extension of the Princess and Monster game on the circle (see
[11, [7], [17] and [19]) is the first step towards § S where we consider the case of
searching for a mobile hider in a two (or more) dimensional region. We show there
that if the searching region is convex then the value v of this search game satisfies
v ~u/g and we present ¢-optimal strategies for both players.

3. The case of an immobile hider.

3A. General description. The search games considered in this section will usu-
ally take place in a network Q, where in this paper a network will mean any connected
finite set of arcs. An immobile hider chooses a hiding point in Q and the searcher
chooses a searching trajectory s starting from the origin O. It can obviously be
assumed that the searcher will move along s with maximal speed because any pure
search strategy s; which does not use the maximal velocity is dominated by the pure
strategy s; which uses the maximal velocity along the trajectory visited by s;. The
capture time will be the time elapsed from the beginning of the search until the
moment the searcher reaches the hiding point.

It will be assumed that both the hider and the searcher can use mixed strategies:
A mixed strategy of the hider is a distribution on Q, while a mixed strategy of the
searcher is a probability distribution over a set of possible trajectories. Under the
above-mentioned assumptions the search game has a value v. This can be shown as
follows: Let B ={x, X2, * *, X,,, - * *} be a denumerable set of points which is dense in
Q. Foralln=1,2,- - consider the search game G, in which the hider can choose any
point in Q while the searcher can choose any trajectory that starts from the origin and
move to a point x;, €{xy, -+ -, x,}, then move to another point x;,€{xy, - -, x,} etc.
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Since the hider is immobile, it is sufficient to take into account only a finite set of pure
search strategies and thus G, has a value v,. It is obvious that v, is a monotone
decreasing sequence and thus has a limit v. We now show that v is the value of the
original game described in this section: The searcher can guarantee a capture time not
more than v, = v + ¢ by using an optimal strategy for G, where n is large enough. On
the other hand since B is dense in Q, then any ¢-optimal hiding strategy h}; (¢) for G,
where n is large enough, is a 2¢-optimal strategy for the original game, because for
any pure search strategy S for the original game, there exists a pure search strategy S,
for G, such that v(S, h}(e))>v(Sn, hii(e))—e = v, —2& Z v —2e. Thus, for any £ >0
the hider can guarantee an expected capture time which exceeds v —2e.

3B. An Eulerian network. In our paper, an Eulerian network will mean a
connected set of arcs which can be obtained by drawing a continuous closed curve S
which does not go through any of the arcs more than once (but it may pass through a
vertex several times). Such a curve will be called an Eulerian curve. A necessary and
sufficient condition for a (connected) network Q to have such a property is that each
of its vertices has an even degree (i.e. an even number of arcs attached to it).

We assume that the searcher has to start from the origin O, which might be any
point in Q not necessarily a vertex, and has to move in Q until he finds the (immobile)
hider. The solution of the search problem for Eulerian network can be obtained by the
same method used by Isaacs [14, pp. 345-346]. The searcher can assure himself of an
expected capture time not more than 3u (u being the sum of the lengths of the arcs) by
using the following strategy: choose any Eulerian curve $*; there are two directions of
encircling $*; choose each of them with probability 1/2.

The hider can assure himself that the expected capture time will be at least 3u by
using a uniform distribution on Q for the hiding point. A simple proof of the
above-mentioned statements is given in [14]. These statements can be summed up by
the following lemma:

LEMMA 1. The value of the search game with an immobile hider for an Eulerian
network is u/2.

3C. General bounds. In this section we consider the case where Q can be any
network which satisfies the assumptions of § 3A.

Let $* be a closed curve which passes through all the points of Q having a
minimal length ($* may go more than once through some of the arcs). The length of $*
will be denoted by L(S*). The following result holds for any network Q:

LEMMA 2. The value v of the search game with immobile hider satisfies

(7 n=v=3L(S%).

Proof. The left side of (7) can be proved as follows: the hider can keep the
capture time to be at least 3. by using the strategy A, which chooses the hiding point
uniformly on Q. Then for any search trajectory s the rate of coverage of points not
encountered before is at most 1 (the maximal velocity of the searcher) thus v(s, h,)=
fo /w)edt=p/2.

The right side of (7) can be achieved if the searcher chooses the strategy s; which
chooses each of the two directions of encircling $* with probability 1/2. Assume that
the hider chooses a point A. Let the distance between the origin O and h alongside $*
be d; for one direction and d» for the second direction. Then clearly d; + d> = L(S*);
thus for any h

v(s1, h)=3d, +3d2 =3L(S%) Q.E.D.
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It can be easily seen that for any network, L(S*)=2u; thus Lemma 2 implies that
() Jw=v=p.

It has been shown in § 3B that for Eulerian networks the value v is equal to the
leftside of (8). There exist networks such that v is equal to the rightside of (8) namely
w. A network which has such a property is a tree. This result will be established in the
next section.

3D. Searching on a tree. In this section we consider the case when the set Q is a
tree. By adding an extra node at the origin O (if it is not a node in the original tree) the
tree can be always represented in such a way that the origin (i.e. the starting point) is
at the root of the tree. We shall establish the following result:

THEOREM 1. Let v be the value of the search game for an immobile hider in a tree
Q. Then

9) v=p.

Proof. Tt follows from the rightside of (8) that v = u. We shall establish the fact
that v = u by proving the following lemma:

LEMMA 3. Consider two trees Q and Q' as depicted in Fig. 1. The only difference
between Q and Q' is that two adjacent terminal branches DA of length a, and DA, of
length a,, are replaced by one terminal branch DA’ of length a,+ a,. Let v be the value
of the search game in Q and let v' be the value of the search game in Q'; then v=v'.

(0] (0]
O . . ‘. O". .
D D
A
Al A2 a1+a2
Fi1G. 1

Proof of Lemma 3. Any hiding strategy in a tree is obviously dominated by a
hiding strategy which chooses points only among the terminal nodes of the tree and
thus we can assume that an optimal hiding strategy 4'* has this property. Such a hiding
strategy h'* satisfies for any search trajectory s’ in Q':

(10) v(s', h"™)=v' (see (6)).

Let us define a hiding strategy A* in Q by attaching to each terminal node of Q, the
same probability of #'*, except that the probability of choosing the new nodes A, and
A,, which will be denoted by p; and p, respectively, is given by

(11) a

d a2
P a1+a2p p a,+a;

p!

where p' is the probability of choosing A’ under h'* and a;, a, are depicted in Fig. 1.
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We shall show that v =’ by proving that for any search trajectory s in Q
(12) v(s, h)=v'.

In order to prove (12) we proceed as follows: If the hider uses a strategy A* which
chooses its hiding point at terminal nodes only, then it is best for the searcher to use
only search trajectories which have the following characteristics: It starts from the
root O, moves in the shortest route to a terminal node, then moves in the shortest
route to another terminal node and so on until all the terminal nodes have been
visited. Therefore, there exist a one to one correspondence between the relevant
search trajectories and the permutations of the terminal nodes. Bearing that in mind
and assuming (for convenience) that the search strategy s visits the terminal node A,
before visiting A, (the proof is similar for the case where A, is visited before A;) then
s can be represented by the following permutation of terminal nodes:

(13) N ~(Ai|7 T, AipAly A]'p s ,A]'_n A2a Alp ce ,AI,_)-

Let us denote the distance from the origin O to the terminal node A, along the
trajectory s, by d, and let h* assign a probability p, to the hiding point Ay; then
inequality (12) is equivalent to

I J L
(14) Zldimpim"'dxpl + Y d,.pj,tdp2+ ¥ d,p,,ZV'.
m= m=1 1

m=

In order to prove (14) let us consider two search trajectories in Q’:

(15) S; ~(Al'17 t Ain AI: Aip v ,Ajp Alp T, AIL)
and
(16) s’2 ~(Ai17 e 7Aip Ajla T ,Aj_p AI: All’ T 7AIL)-

It follows from (10) that

17) v(st, h*)=v'
and
(18) v(sh, h'*)=v'.

Let us denote the distance from the origin O to the terminal node A, along the
trajectory s1 and s; by dix and d,, respectively and the distance to the terminal node
A’ by d and d} respectively. The following relations hold:

19) dv, =da, =d;,
(20) di=d,+ay,
(21) dy=d>—ay,
22) di;, =d, +2as,
(23) dy,, =d;, —2a,,
(24) dy, =d,,

(25) du, =d,,
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It follows from (17) and (18) that

v(s1, A"+

' 1% '
v(ss, h'*)=v
611'*' 2 2 (52, ™)

thus

ai

J L
( Y du,pi,tdip'+ ¥ dy,p, + Zldumpzm)
m=1 m=

a,+az;\m=1

-

( Z dZszmptm+ Z dz,,,,P,,,,"'d + 2 d21 D )é

ata\m=1

Using (19)-(25) we obtain

I J L
Q6) Y dypi+ Y dip.t Y dup,t+—2—dip'+ ~d>p'=v
m=1 m=1 m=1 a;+a; a,ta
and now inequality (14) immediately follows from (11) and (26). Q.E.D.

Using Lemma 3 we can readily establish by induction on the number of terminal
nodes, that the inequality v =u holds for any tree thus completing the proof of
Theorem 1.

It is worth noting that Lemma 3 also presents, as a byproduct, a method for
finding an optimal hiding strategy (an optimal strategy for the searcher is the one
described in the proof of Lemma 2).

3E. The case of k parallel paths. In § 3C it has been proved that for any network
Q, the value of the search game v satisfies 3u = v =3L(S*) where L(S*) is the minimal
length of a closed curve which passes through every point of Q. For an Eulerian
network L(S*)=pu while for a tree L(S*)=2u so that Lemma 1 and Theorem 1
establish the fact that for these two cases v =3L(S*). It might seem to the reader that
this result holds for all networks but this is not true as will be demonstrated by the
examples to be presented in this section.

Each network Q considered in this section consists of a set of k nonintersecting
arcs, each of them of equal length a, which join two points O and A. Such networks
will be encountered again in the next section which considers search games with a
mobile hider but here we are concerned with an immobile hider. If the number of arcs
k is even then Q is an Eulerian network and the solution to the search game is simple,
but if k is an odd number greater than one, then the search game seems to be quite

complicated. We shall not find the complete solution for these games but only
establish the strict inequality

27 v <3L(S*)

which did not occur in our previous examples (where v is equal to 3L(S*)).

LeEMMA 4. If Q is a set of k nonintersecting arcs of equal length which join O and
A, and k is odd, then the value of the search game v, satisfies (27).

Proof. At first we note that any closed curve which visits any point of Q has to
repeat itself on one of the arcs; thus L(S$*)= (k + 1)a so that (27) is equivalent to

<(k+1)a.
2

Inequality (28) is established by presenting the following mixed search strategy s":
In this strategy the searcher starts from O, chooses each of the arcs with equal

(28)
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probability (1/k) and moves to A; then he chooses each of the remaining arcs with
equal probability (1/(k —1)) and moves back to O and so on until all the arcs have
been visited. Let & be any pure strategy (i.e. a point in Q) and assume that the distance
of this point from A is d so that the distance from Oisa—d. Let E, i=1,---, |k/2]
be the event that the hider will be discovered during the time period (2(i — 1)a, 2ia]
and let E; be the event that the hider will be discovered during the time period
((k —1)a, ka]; then

v(s', h)= L%,z] P(E)  Qii—1Da+a)+p(E;)- (k—1)a+a—d)

Lk/2] 2 1
29) =y —(2(1’—1)a+a)+z((k—l)a+a—d)
i=1
k 1 d _(k 1 k+1
=\zt+—Ja—T=s\z+= .E.D.
<2 2k>“ k—( +2k>“< , ¢ QED

The case where Q consists of an odd number of arcs joining O and A has been
used in order to show that there are cases in which v <3L(S*), but this caseis
interesting by itself. It is amazing that the solution of the game is simple for any even k
(and also, as will be demonstrated in the next chapter, for any k, odd or even, if the
hider is mobile) but it may be quite complicated to solve this game for the case where
k is equal only to three. The reasonable symmetric search strategy s’ which was used
in (29) can assure the searcher of losing no more than (k/2+1/(2k))a but it can be
shown that the hider cannot achieve (or even ¢-achieve) this value. Thus, s’ is not an
optimal strategy for an odd number of arcs (in spite of its being optimal for an even
number of arcs). It seems to us that the optimal strategies for the odd number case
may be quite complicated.

4. Mobile hider on k parallel arcs.

4A. General description. In this section we consider the following search game:
The searching set Q is a set of k nonintersecting arcs by, - * *, bi joining two points O
and A as depicted in Fig. 2, the length of each arc being equal to a. The searcher has
to start moving from O with maximal velocity equal to unity. The hider can choose an

FI1G. 2

arbitrary starting point and from this point he can move along any continuous
trajectory in Q with maximal velocity w. In this section we shall usually assume that
w = 1. The capture time which is the loss of the searcher (or the gain of the hider) is
the time elapsed until the searcher reaches a point which is occupied at the same time
by the hider. For the case k >2 it will be assumed that the searcher can only pass but
not stay at the points O or A, or alternatively that the hider can pass from any arc b; to
any other arc b; not only through O or A but also in an ¢ distance from them. Such a
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search game is an extension of the Princess and Monster game on the circle which has
been proposed as an open problem in [14, p. 350] and solved in the papers [1], [7],
[17] and [19]. The game on the circle is a special case, namely k =2, of the game
considered in this chapter. The search on k parallel arcs is interesting in itself and in
addition will be used in order to obtain an approximation for the value of search
games in higher dimensional sets.

4B. Solution of the game. We shall show that the optimal strategies of the
searcher and the hider are both of the type z(X, T') defined as follows

DEFINITION 1. Let X be either the point O or the point A and let 0= T <0 be
any real number; then the (random) trajectory z(X, T') is defined by the following
rules: At time T starting from point X, choose an integer i, 1 =i =k with each of the
integers {1, 2, - - -, k} having the same probability of choice (1/k) and move along the
arc b; with unit velocity until arriving to the end point of this arc (O or A); then (at
time T+a) choose an integer j again with uniform probability on the integers
1,2, -+, k, independently on i, and move along b; until reaching the other end point
(A or O) and so on. Using Definition 1 we state the following theorem:

THEOREM 2. For the search game presented in § 4A: An optimal strategy for the
searcher is (0O, 0). An e-optimal strategy for the hider is to start moving with maximal
speed to the point A, stay there until time a — & and then use the strategy z (A, a —¢). The
value of the game is ka (which is equal to u/g as defined in § 2; this last form of the
formula will be encountered in the next section).

The theorem will be proved using three lemmas. The following lemma is the
fundamental one and will also be used in the next section.

FUNDAMENTAL LEMMA. Let Q be the set of k parallel arcs joining O and A
defined in § 4A. Assume that at time t = 0, k horses leave the point O and each of them
rides in unit velocity along a different arc from O to A. At the same time t =0 a giraffe
starts moving from any point different from O along a trajectory h(t) where both the
trajectory and the (not necessarily constant) velocity along this trajectory are arbitrary.
The trajectory h(t) should be continuous so that in passing from any arc b; to any arc b;
the giraffe has to go through either O or A; then:

(a) For any trajectory h(t), the giraffe will meet at least one horse in the time period
0<t=a.

(b) If the giraffe moves with velocity which does not exceed unity then he will not
meet more than one horse in the time period 0 <t <a.

Proof of part (a). Let bi(t),i=1, -+, k, 0=t=a, be the point located by the ith
horse at time ¢ and let

(30) G(t)={b,(t),l=1,2,- : "k};
then the set G(¢) is the boundary of the set
(31 G '()={bu)t<u=a,i=1,2,-+,k}

G*(0) is the whole set Q except for the point O while G*(a) is empty.
Let h(t) be the location of the giraffe at time ¢; obviously h(0)e G*(0) while
h(a)€ G*(a). The first instant at which the giraffe leaves the set G*(¢) is defined by

(32) t0=0irt1£a{t:h(t)é G™(1)}.

Since G(t) is the boundary of G (¢) it is obvious that k()€ G(to); thus at time ¢,
the giraffe meets (at least) one of the horses.
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Proof of part (b). Suppose that at time t,, 0 <ty <a the giraffe meets one of the
horses. In order to meet another horse he has to pass to another arc which can be done
only through O or through A, but since the velocity of the giraffe does not exceed
unity (which is the velocity of the horses) then he cannot reach the point A before time
a and if he moves through point O then he would not reach another horse until time
a. QE.D.

LEMMA 5. If the searcher uses the strategy z (O, 0) (see Definition 1) then for any
hiding strategy h

(33) v(z(0, 0), h)=ka.

Proof. Strategy z(O,0) for the searcher means: At time ¢=0 the searcher
chooses one of the horses of the Fundamental Lemma, each with probability 1/k and
rides on it to A; then at time ¢ = a he chooses one of k such horses which ride from A
to O, each one again with equal probability (and independent of previous choice) etc.
We may consider the hider as the giraffe and thus, part a of the Fundamental Lemma
implies that if the searcher uses z(O, 0) and if the hider has not been captured until
time (j —1)a then the probability of capture in the period (j—1)a <t =ja is at least
1/k (independent of the previous part of the trajectory). Thus,

—1\/
(34) Pr (capture after ¢ = ja) < (kT> )

It follows that for any hiding strategy h,

v(z(0,0),h)= Y Pr(captureat (j—1)a<t=ja)-ja
=1

j=

=a § Pr (capture after t = (j —1)a)
35) =

(by (34))
k— 1)1’“

=a El (—-—

Z =ka Q.E.D.

LEMMA 6. Let ZA be the strategy of the hider described as follows: Stay at point A
until time t =a —¢ and then use z(A, a —¢) (see Definition 1); then for any search
trajectory

(36) v(s, ZA)=Z ka —e¢.

Proof. Using the strategy z(A, a —¢) means choosing each of the horses (note
that it is the hider who is now riding the horses) with probability 1/k (and indepen-
dently of previous choices) at time periods a —¢, 2a —¢, - - - . Now the searcher takes
the role of the giraffe of the Fundamental Lemma. We shall use the assumptions of
§ 4A and especially the fact that the velocity of the searcher does not exceed the
velocity of the hider and the fact that the searcher cannot wait for the hider at any of
the points O or A. Thus it can be assumed that at any one of the periods 2a — ¢, 3a —
€, - - - the probability that the searcher is either at O or at A is zero (this can be
achieved by the searcher by using &£ as a random variable uniformly distributed in any
small interval). Thus the conditions of part (b) of the Fundamental Lemma are satisfied
so that for any trajectory of the searcher, if the hider has not been captured until ¢ = ja
then the probability of capture in the time period ja —e <t=(j+ 1)a —¢ is equal to
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1/k. Thus the probability that capture will occur at the time period ja—e <t=

(j+1a—¢ is equal to
(k—l)i—ll‘
k k’

thus

0 — j—1
v(s, ZA)= Y, (k—l>] l(ja—.s)=ka—s Q.E.D.
i=1 k k

Theorem 2 is an immediate consequence of Lemmas 5 and 6.

It is interesting to note that the value of the game is equal to ka irrespective of the
maximal speed of the hider w, as long as it is not less than unity. If w is less than unity
then the optimal strategies of the searcher and the hider may be quite complicated.
However, using an argument similar to those which shall be presented in § 5C, it seems
to us that if k is large and w is not too small then the value of the game should be
approximately ka, even for the case where 0 <w <1 because the hider can achieve a
value of ka(l—¢) by randomly choosing one of the arcs and moving along it with
speed w from A to O then choosing again each arc with the same probability and
moving along it with maximal speed from O to A and so on. If m =1/w and the
searcher moves with maximal speed (unity), then when the searcher reaches each of
the points O or A, the maximal amount of information which may be available to the
searcher is that at that moment the hider is not located on any of the m last arcs visited
by the searcher. Thus, even if the searcher could rule out m arcs out of k each time he
reaches O or A then his gain would be to increase the probability of capture for each
period ja<t=(j+1)a from 1/k to 1/(k—m)=1/(k —1/w) and thus the expected
capture time would decrease at most to (k—1/w)a—e so that if k is large in
comparison with 1/w, the value obtained in Theorem 2 would remain about the same
even for w<1,

An interesting fact which is worth noting is the following: It has been shown in § 3
that for an immobile hider, the value v of the search game on k parallel arcs is equal to
ka/2 for an even k and is approximately equal to ka/2 for an odd k. Thus for an
immobile hider v = u/(2g). For a mobile hider v is doubled and becomes u/g and this
is due to the fact that contrary to the case of an immobile hider, the searcher cannot
rule out the arcs previously visited by him. We shall have the same phenomenon for
the case of a two (or more) dimensional search set.

4C. Some reflections about general networks. In § 3 where search games with an
immobile hider have been considered, we obtained inequality (8) which stated that the
value of the search game lies between 3u and u where u is the sum of the lengths of
the arcs of the network Q. The lower bound is achieved for the case where Q is an
Eulerian network while the upper bound is achieved for the case where Q is a tree.

It seems to us that analogous results should hold for the case of a mobile hider.
Our conjecture is that in this case the value of the game should be bounded below by
w« and above by 2u. The case considered in § 4B, where Q consists of k parallel arcs is
an example in which v = u. A case where v =2u could be of the following type:

Let Q consist of k rays radiating from the origin O, each ray of equal length a.
For this case it is obvious that v <2u because if at time ¢ =0, 24, 4a, - - * the searcher
chooses each ray with probability 1/k and then moves along it and returns to the



110 SHMUEL GAL

origin; then the expected capture time is at most

—<2ka=2u.

k—l)f—l 1
k

i (a+2( - )a)(

On the other hand, if k is large then the hider can achieve a capture time
exceeding 2ka — ¢ by a strategy which is similar to the one which will be presented in
§ 5B: He uniformly chooses a ray and stays at its terminal point until time Ja where
1« J« k; then he chooses again each ray with probability 1/k and moves to its
terminal point with maximal speed, and stays there until time 2Ja, etc. (It should be
assumed as in § 4A that the searcher cannot wait at the origin O or alternatively that
the hider can pass from each ray to another by moving ‘“‘near” the origin without
actually passing through it.)

Thus we conjecture that these two cases which have been discussed represent the
upper and the lower bounds for the value of the search game with mobile hider in a
network. Thus it is still an open problem if the inequality u = v =2u always holds for
all networks.

5. Mobile hider in a two (or more) dimensional region.

5A. General description. In this section the domain of search Q will be a two (or
more) dimensional region. The searcher can move along any continuous trajectory
which starts from the origin O. The hider can choose his initial location and an
arbitrary continuous trajectory starting from that point. The hider can move along his
trajectory with maximal speed w. In contrast to § 4, we shall not require that w = 1 but
we shall assume that w is not too small (the exact formulation of this condition will be
presented in § 5C).

The notations that will frequently be used in this section are: u—the Lebesgue
measure of Q, R—the diameter of Q and g—the maximal rate of discovery of the
searcher (which is equal to 2r for two dimensional sets and 7r” for three dimensional
sets, etc.). The radius of capture r will be assumed to be small with relation to the
magnitude of Q or specifically

37 £< e'«1,
“

For the case of an immobile hider it is mentioned in § 3 that v, the value of the
search game, satisfies v ~%;¢/ g

For the case of a mobile hider we shall show in § 5B that the searcher can
guarantee an expected capture time not exceeding (u/g)(1+¢). The dual result is
presented in § SC. We show there that if Q is convex then the hider can make sure
that the expected capture time will exceed (u/g)(1—¢). Thus we demonstrate that the
value of the Princess and Monster game in a multidimensional convex set satisfies
v~ /g and we present g -optimal strategies for both players.

SB. Strategy of the searcher. In this section we shall prove that for any bounded
two dimensional region Q which satisfies a rather weak requirement, if the detection
radius r is small then the searcher can use a strategy s* which makes sure that the
expected capture time does not exceed (1+¢&)u/(2r), where ¢ is small. We shall
assume that:

(38) Q is a simply connected region whose boundary is the union of two single
valued continuous functions f; and f, as depicted in Fig. 3.
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fi

f2

FI1G. 3

Actually the proof can be easily extended to a multiply connected region whose
boundary is the union of a finite number of single valued continuous functions.
However, in this case we shall have to introduce more details which may complicate
the proof so that for the simplicity of exposition we shall assume that (38) holds.

The search strategy s* to be considered is of the following type: It consists of
covering Q by a set of parallel and similar narrow rectangles Qg, Q,,- - -,
Qpm, * * *, Oup; randomly choosing a rectangle Q,,, going into it and moving N times
forward and backward in Q,, along randomly chosen trajectories; then randomly
choosing another set Q,, etc. The number N should be large enough in order to
‘“absorb’’ the effect of the time spent in going from one rectangle to another, but on
the other hand N must not be too large in order not to stay too long in one rectangle.
Having this idea in mind we proceed as follows:

Referring to assumption (38) and Fig. 3, let Q, @ Q be the set with minimal area
which is a union of the rectangles By, - - -, B; where all these rectangles have the same
width a and are parallel to the x-axis as shown in Fig. 4.

Q
N
I
Q
Q

v

Bl Bz

FI1G. 4

Let u be the area of Q and u, be the area of Q,; then
(39) pa =1+ daln
where, by assumption (38)

(40) ¢. 10 asalO.

For any z;, z, € Q, let d(zy, z,) be the minimal length of a path which connects z;
and z, and passes inside Q,. We define the radius R or Q, as

41) R= sup d(zi,12,).

21,22€ Qq
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We shall give a constructive proof of the following theorem:
THEOREM 3. Let r satisfy

a
42 =g ——
(42) r=easp
and assume that

(43) s=¢e)"«1,

then there exists a searching strategy s* in Q, such that for any evading trajectory h
used by the hider, the expected capture time v(s*, h) satisfies

(44) o(s*, h)=(1+48)5% = (1+48)(1 + d.) 1.
2r 2r
Proof. Let
45) c=8a.
Divide each rectangle B;, [=1,-- -, 2, (see Fig. 4) into “narrow” rectangles so
that all of these rectangles, except possibly one, has a width ¢ while the upper one has

a width =c, as depicted in Fig. 5. Thus each rectangle Q,,, m =1, - - - , M, has a width
¢'=c and the number M of such rectangles satisfies

=1 ¢
+ +
(46) §&+R a:‘_".‘i(1+cR a>
ac ac ac Ha
a R + a
= -‘-‘—(1 +329(——“)) <i‘—(1 +§) (by (45) and (43)).
ac Ma ac 2
a
=c
<
B G
Fi1G. 5
Let N be a positive integer defined by
47 N = [5] +1
47) sal Tl
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Let ¢’ be a real number. If ¢’ =2r then we define a random variable y with the
following density

2
= =y
fy) PO forO0=y=r,
f(y)=c,+2r forr<y<c'—r,
(48)
f()’)=c,+2r forc'—rsy=c,

and f(y)=0 elsewhere.

If ¢' <2r then we define y to be identically ¢'/2.

The search strategy s* is composed of independent repetitions of the following
step: At time ¢t=0 make a random choice out of the narrow rectangles
Q1,Q5,-++, Q-+, Onp such that each rectangle Q,, has a probability 1/M of
being chosen and also make a random choice of N independent random variables
Y1, -, Yy~ where N is given by (47) and all the y,, n =1, - - -, N, have the probability
density given by (48). In order to describe the motion of the searcher within Q,, we
shall use a coordinate system with origin at the lower left corner of Q,, as depicted in
Fig. 6. At time ¢ = 0, the searcher starts moving as fast as possible to the point (0, y;).
He rests at that point until = R and then moves with maximal velocity in a straight
line to the point (a, y;) and reaches it at time ¢ = R +a; then he moves to the point
(a, y») and rests there until £ = R +a + ¢ and at that moment he starts moving to (0, y,)
etc. The important feature of the movement of the searcher is that at the time
segments T,=[R+(n—1)a+c),R+(n—1)a+c)+a], n=1,---,N, he moves
along the intervals which join (0, y.) to (a, y»). We shall show that for this kind of
movement, the following lemma holds:

]

©,¢")

(0, ya) (o (a, yn)

(a,0) X
Fi1G. 6

LEMMA 7. If the searcher moves in the manner described above, then the prob-
ability p of capture during the time segment 0 <t = R + N (a +c) satisfies

i)

Proof. Consider a specific time segment T, given by

(50) T,={t:R+(n—-1)a+c)=t=R+(n—1)a+c)+a} wherel=n=N.

We shall distinguish between two cases: If n is odd then for any ¢ € T,, we define
G,(t), m=1,2,--- M, as the vertical line segment of length ¢', which has a distance
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d{(t) from the left vertical edge of Q,, where

(51) dit)y=t—[R+(n—-1)a+c)]
so that G,,(¢) is given by

(52) Gm()={d(®),y), 0=y=c'}.

If n is even then G,,(t) is the vertical line segment which has the distance d(t)
given by (51) from the right vertical edge of Q,,, i.e. in this case

(53) G,(t)={(a—d(),y),0=y=c"}.

In both cases we define
M
(54) G()= U, Gu().

By an argument similar to the one used in proving the Fundamental Lemma one
can show that the following proposition holds:

PROPOSITION. Let h be any trajectory used by the hider; then for any n there exists
at least one time instant t, € T, (see (50)) such that the point h(t,) visited by the hider at
time t, satisfies h(t,)e G(t,) (see (54)).

It follows from the proposition that for any n there exists an m such that

(55) h(t.)€ Gnl(ty).
Let I,,(n)=1 if (55) holds and zero otherwise and define
N
(56) In= Y Ln(n);
n=1
then it follows from the above discussion that
M
(57) I.=N.
m=1

If the searcher chooses the rectangle Q,, and if I,,(n)=1 then it follows from the
definition of the random variable y, that the probability of capture during the time
segment T, is greater than or equal to the probability that at the time ¢, (see (55)) the
random interval Y, given by

(58) Y.=[y.—r,y.+r]N[0, ]

will contain the yth coordinate of A (z,). Now, it follows from (48) that for any point b
in the interval [0, ¢'] the probability that b € Y, is greater than or equal to 2r/(c'+
2r)=2r/(c +2r).

Since the random variables y,, - - -, yn are independent, it follows that if Q,, has
been chosen then the probability of capture during the time segment 0<t=
R + N (a +c¢), is greater than or equal to

1-(1- 2r )I“=1—( ¢ )I"' (see (56)).

c+2r c+2r

Since each rectangle Q,,, m=1,---, M, is chosen with probability 1/M, it
follows that the probability p of capture during the time segment 0 <t=R +N(a+c¢)
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satisfies

o e )

<( + 2’ )
.

(-(E2))0-(55) )=

c J c K c J+K
(=) +(=3) =+(53)
c+2r c+2r c+2r

M T

)' m=1m§M-1+(

Thus, it follows from (59) and (60) that

pzlei(l_(c +C2r>N>

so that the proof of Lemma 7 is completed.
We now proceed with the proof of Theorem 3. At first we note that (42), (43),
(45) and (47) imply that

uME

it follows that

so that

(60) mgl(c+2r>IM§M—l+<c+2r c+2r>N (by 57)).

2r 28%? a_ 0
—_ —6 —_ .

¢ 2Ré%a RN’

thus by (45), the probability p of capture in the time segment 0<t=R+N(a+c)
satisfies

o0 v23( () )= =l ) e

Now, since the search strategy s* is composed of independent repetitions of the
step described for the time segment 0=¢t=R + N(a +c¢), then for any hiding tra-
jectory h, the probability px of capture after the time instant t = K(R+ N(a +c¢))
satisfies

(62) px=(1-p)~.
Thus the expected capture time v(s*, h) satisfies
o MERN@+) T pxs TR oy (6
<M(1-+-6) R ¢
=2 Na(1+Na+a> (by (61))
_ta(y D151 R z
=ac(1+2> - (a a+1) (1+6+82) (by (45), (46) and (47))
1w, 9 a 2
- b ( +5)(1+a)(1+ai>(1+5+5)
(1+45)=52 (1+45) (by (42) and (43)) Q.E.D.

a( /R)
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It should be noted that if the searcher uses the strategy s* presented in the proof,
then a part of his trajectory which is near the boundary of Q, might be a little outside
of the original searching set Q. However, if Q is convex then we can make a slight
modification in s* and introduce a search strategy s** which uses trajectories entirely
inside Q and still guarantees that the result (44) of Theorem 3 holds. The strategy s**
is defined as follows: If the chosen rectangle Q,, is inside Q then the movement is
identical to the one in s*. However if a part of Q,, is outside Q as depicted in Fig. 7 we
make the following modification:

. —

Yn+1 p—
i ' ‘ AN
1 1 | 1

FiG. 7

Assume that in the strategy s* the searcher moves from the point (0, y,) to (a, y.)
in the time segment 7, (see (50)) and then moves from the point (a, y,+1) to (0, yn+1)
in the time segment T,.;. The movement in s** is as follows: The searcher moves
from the point (x., y.) to (x,, y») (see Fig. 7) in the time segment R+ (n—1)(a +¢)+
Xn=t=R+((n—-1)a+c)+x, then moves with maximal velocity in a straight line
from (x,,y.) to (xn+1,yn+1) and stays there until the time instant ¢ =
R+n(a+c)+a—xy,. (the searcher can arrive at (x,,,1, yn+1) before ¢’ because the
length of the segment which joins (x,, y,) to (x+1, ¥»+1) does not exceed 2a +c¢ —x,, —
Xn+1) then moves from (X,41, Yn+1) tO (Xn+1, Yns1) in the time segment ¢'=t=
R+n(a+c)+a—x, etc.

Using exactly the same method of proving (44) it can be established that for any
hiding strategy 4, the expected capture time satisfies

o(s**, h)=(1+48)E2
2r

so that for a convex Q, the strategy s** guarantees the desired result by moving only
inside Q.

The result stated and proved by Theorem 3 for two dimensional regions can be
extended to any number of dimensions. In this case the searcher can use a strategy s*
which guarantees that for any trajectory A used by the hider, the expected capture
time satisfies

v(s*, h=(1 +£)&
4

where w is the Lebesgue measure of Q, g is the maximal rate of discovery of the
searcher and ¢ is small.
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For example if Q is a three dimensional region then the construction of s* which
keeps the expected capture time below (1+¢)u/(7r’) can be made as follows: Cover
Q by a large number M of boxes of dimension ¢ X ¢ X a where ¢ « a, choose randomly
one of the boxes and move along N random horizontal segments which join the two
edges of size ¢ X ¢ etc. The proof of the result can be carried out by the same technique
used in Theorem 3.

SC. Strategy of the hider. The strategy A, of the hider which is considered in this
section is defined as follows:
DEeFINITION 2. Choose a point x; using a uniform probability distribution in Q,
and stay there during the time period 0=t <u. At the time ¢ = u choose a point x,
which is uniformly distributed in Q independent of x;, move towards x, with velocity
wi=min [w, 1] in a straight line and stay in x, for a time period of length u, then
choose a point x; uniformly distributed in Q and independent of x; and x,, move
towards it, again with velocity w, =min [w, 1] in a straight line and stay there for a
time period of length u and so on.
The “resting time”” u should satisfy two conditions:
1) It should not be too long so that the area covered by the searcher in a time
interval of length u would be small relatively to u ; but on the other hand
2) In order to keep the probability of capture during the motion relatively
small, the hider should not move too frequently and thus u should not be too
small.
Assume that the hider uses a strategy A, as described by Definition 2. Let

(63) E;—The event: capture occurs at point x;, i =1, 2, - -
Now if it were possible to neglect the probability of capture during the motion

from x; to x;,1 then for any search trajectory s, the expected capture time will
approximately satisfy

v, h)= 3 u(i=1)Pr (E)
(64) o

=4y Y Pr(E)zu Y Pr(,u Ei).
n=1i=n+1 n=1 i=1

Since each x; is uniformly distributed in Q and since the maximal rate of
discovery is 2r it then follows that for each x;, the probability of being discovered at x;
is at most 2ru/u. Thus, it follows from the independence of x; that

n 2 n
(65) Pr(U E,~)§(1~ﬂ> .
i=1 m
Thus it would follow from (64) and (65) that for all s
[s e} n 1 -
66) v(s, h)=u Y Pr(U El.)=u__2£“_/ﬁ=!i__u
n=1 i=1 2rufp 2r

so that if the parameter u of the hider’s strategy A, would be chosen to be small in
comparison with u/(2r) we would get the desired result.

We have presented the previous discussion in order to help the reader to under-
stand the motivation behind the definition of the strategy h, and the idea of the
(rather complicated) proof of Theorem 4 which follows.
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We have also to require that the maximal velocity of the hider w should not be
too small, because when w reduces to zero we approach the situation of an immobile
hider considered in Chapter 3 and the value of the search game should then be
approximately u/(2g) (= n/(4r)). Such a condition which also includes condition (37)
is the following:

67) = max [l,l]<e’<<1.
w

In the next theorem we show for any two dimensional convex set, that if (67)
holds then the hider can make sure that the capture time will exceed (u/g)(1—¢)
(recall that for two dimensions the discovery rate g is equal to 2r). The theorem is
formulated and proved for two dimensions but it can be easily extended to three or
more dimensions.

THEOREM 4. Let the searching set Q be any two dimensional convex set, and let
condition (67) be satisfied. Denote

2

1/4
(68) 5= [e’ - 377 max (% 1)]

and assume that 6 < 1.
If the hider uses the strategy h, presented in Definition 2, where

=t
(69) u—62r

then for any search strategy s, the expected capture time satisfies
(70) (s, hu)§%[1—38].

Proof. Let x;,i=1, 2, - - -, be the hiding points of Definition 2 and denote:

F,—The event: Capture occurs while the hider is moving from point x; to
point X;41,i=1,2,- -

(71) F;—The event: Capture does not occur before the hider leaves point x;.
Then (see (63) and (71))
n n—1 n n—1
Pr(F)=Pr(U B U F)=1-p (U E U F)
n n—1
(72) =1-Pr (91 E,) —Pr ( U F,~)

=Pr (iL;‘Jl E,-) - g Pr (F)).

The first stage of the proof is to establish an upper bound for Pr (F;) so as to show
that it is negligible in comparison to the other relevant terms.
Since the hider moves from point x; to point x;.; in a straight line with velocity
wi =min [w, 1] it follows that the time of movement 7; satisfies
R R

73 =—=—"-—.
(73) w1 min[w, 1]
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Since the probability of capture is monotonically increasing in T}, it will be implicitly
assumed that T; can be replaced by R/w; whenever necessary.

Let S; be that section of the searcher’s trajectory which corresponds to the time
interval when the hider moves from x; to x;4+;. Divide S; into J; arcs S;1, - - -, Sij, such
that

(74) L=[5]+1§li+1
r

war

and each arc §;; corresponds to an equal time interval ¢ which satisfies

(75) t=%<n

Let F;; be the event:

(76) F;;: At some point of S;;, the distance of the searcher and the hider is less than
or equal to r.

Obviously (see (71))
J: J-’
&) Pr(F)=Pr (U Fi)= X Pr(F).

Let us denote the middle point of the arc S;; by A; and the time when the searcher
reaches this point by #; and let B;; be a circle of radius ¢ around A;; (as depicted in Fig.
8) where ¢ satisfies

FiG. 8
(141 Kg
(78) c*—<1+2+2 r.

It follows from (75) that a necessary condition for the validity of the event F;; (see
(76)) is the event M;;:

M,;;—The event: At the time #; (corresponding to the point A;) the hider is

(79) inside the circle Byj;
and a necessary condition for the validity of M;; is the event D; N D¥ where

D;—The event: The distance d;; of x; from A; satisfies: ( j+)wir—c=d;=

(80) (j+3)wir+c (see (78))

and

81) D} —The event: x;4; lies in the region Yj; depicted in Fig. 9.
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FiG. 9

It follows from (80) that

w(2j+Dwir - 2¢ _ T2+ 1)w, 3+ wi)r’

and (81) implies that
+ 2
(83) Pr (D} |Dy) =2 2R _ (3+w)R

w (+1/2wir—c (wi-3/2)u
We are now in a position to obtain an upper bound for Pr (F;) in (82): Let

(84) m= l%J -1 (see (73));

then

Pr(F)S ¥ Pr(Fy)+ Y Pr(Fy)

> gé Pr (D,‘,‘)+j=j:_"+1 Pr(D;)- Pr(D%|Dy) (see (80)and (81)).
Now
:1 Pr (Dy)= :Zl 7 (2j + Vw3 +w)r’ (by (82))
(86) gw(mﬂ)”é”—wl@:—w‘)ﬁ% (by (84))

R
=4n——<d4me' (by(73)and (67)).
m
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In addition, it follows from (74), (82), (83), and (87) that

J. J. . 2 2

i i 2+ DwiB+w)r” B+wR
Pr(D;)- Pr (D} |Dy)= m

i=rzn:+l 1 (Dy) - Pr(Dj | i) i=§+l “2 (wi—3/2)

167 2j+1 -

@’ jmmej=3/(2wy)

=s—U-1DR’FP———"F——
o DR e S awy
167 R’ 2+1/(m+1)
w® wi 1-3/Qwi(m+1))

87)

(by (74)).

Since T; can be replaced by R/w; it follows that
3 _ 3 _3
2w1(m+1) 2W1VR/(W1I‘) 2

Vr/(wiR) (by (73)and (84))

=2VRIRW)«1  (by (67))

Thus,

2+1/(m+1)
1-3/Qwi(m+1))
so that a bound for (87) can be written as
337 R’r _33wR*
— —< e' (by (67)).
Mmoo owy

Combining (86) and (88) together we obtain

16 <33

(88)

2
(89) Pr (F})=37me’ - max [5#— 1] — 5% (see (68)).

121

Now, let v(s, h,) be the expected capture time where the “‘resting” parameter u
of the hider’s strategy h, is chosen to be du/(2r). If F,, is defined, as in (71) to be the
event that capture does not occur before the hider leaves the point x,, then the same

argument used in (66) leads to the following inequality:

e N
v(s,h,)>u Y Pr(F,)=u
n=1

n

Pr(F,) (where N is an integer which will be
=1

determined later)

Zu gl (Pr ( LnJ E;) —-:il Pr (F,)) (see (72))

n i=1 i=1

(90)
N 2ru\© N 4
=u("§1(1—7> -3 (n—1)6) (by (65) and (89))
_ [A=Qru/p)—=(1=Qru/u)™™" 5,
=u[ 2l N-6 ]

Now if we choose N = |1/8%]| and use u = du/(2r) we obtain

1—5—(1—5)”“2_1
5

(91) v(s, hu)ES%( )=2ﬁ".[1_25_(1_6)1/82]‘
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It can be easily seen that for 0<§ <1 as assumed,
1
52
(sinced -Ind= —e'>—1sothat —In8—1/8< 0). Thus it follows from (91) and (92)

that v (s, h,)=(/(2r))[1-38]. Q.E.D.

It seems to us that 4, can be modified so as to guarantee at least (1—¢)u/g
expected capture time for sets which satisfy a weaker condition like (38). The points
X1, X2, * * *, X;, + - + should be chosen as before and the only problem is to make the
movement from x; to x;.; so that the probability of capture during this movement
would still be negligible with respect to the probability of capture at x;. This require-

ment should be achievable if the detection radius is small enough. Thus it is conceiv-
able that v ~ u/g for all reasonable regions.

(92) (1-8)°*=exp [ In (1 —a)] <exp [-—%] =8 exp [—ln 5 —%] <8
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STRONG STRUCTURAL CONTROLLABILITY*
HIROKAZU MAYEDAY AND TAKASHI YAMADAf

Abstract. For linear time-invariant control systems, the system parameters values may vary or be
never known precisely with the exception of fixed zeros determined by the physical structure of the system.
Dividing the system parameters into two categories, indeterminate parameters and fixed zero parameters,
the notion of strong structural controllability is introduced with the following meaning: A system is strongly
structurally controllable if, whatever values (other than zero) the indeterminate parameters of the system
may take, the system is controllable.

The two necessary and sufficient graph theoretic conditions for linear time-invariant control systems to
be strongly structurally controllable are given. The one is fundamental for strong structural controllability
and shows what is the essential set of indeterminate parameters the change of whose values may cause a
system to be uncontrollable. The other is useful because of its very simple and intuitive form in graph theoretic
aspect. For sparse systems, its conditions can be easily examined by inspection.

1. Introduction. Consider a linear time-invariant control system
1) X=Ax+bu

where A is n Xn and b is n X 1. For convenience, the control system (1) is denoted
throughout the paper by the system (A, b).

System parameter values may vary or be never known precisely with the excep-
tion of zeros that are fixed by coordination or by the absence of physical connections
between certain parts of a system. Therefore assume that the entries of the matrices A
and b are fixed (zero) or indeterminate (arbitrary). We shall say that the system (A, b)
has the same structure as the system (A, b), of the same dimensions, if for every fixed
(zero) entry of the matrix [A b], the corresponding entry of the matrix [A b] is fixed
(zero) and, at the same time, for every fixed (zero) entry of the matrix [A b], the
corresponding entry of the matrix [A 5] is also fixed (zero).

Lin [7] has defined a system (A, b) to be structurally controllable if there exists a
completely controllable system (A, ) which has the same structure as the system
(A, b), and by the graph-theoretic approach he developed necessary and sufficient
conditions for a system (A, b) to be structurally controllable. Recently, Shields and
Pearson [9] and Glover and Silverman [5] extended Lin’s results on single-input
systems to multi-input systems by the purely algebraic approach.

Although all the uncontrollable systems which have the same structure as a
structurally controllable system are atypical (see [7], [9]), in many cases, the existence
of such uncontrollable systems are not allowed. For example, when it is required that a
nonlinear system with fixed zero parameters be regulated at various set points which
vary in some domain, we adopt a set of same structure linear systems which are
obtained by linearizing the nonlinear system at every set point and require that all the
systems in the set are controllable. In this case, even if the systems are structurally
controllable and almost all systems are controllable, there remain the set points whose
corresponding systems are uncontrollable. And if there exists such a set point, all the
systems whose corresponding set points are in the neighborhood of this set point are
physically uncontrollable since it may require an unreasonably vast amplitude of the
inputs to regulate the systems. We cannot neglect the existence of such a neighbor-
hood. Therefore there arises the problem that under what condition a controllable
system remains controllable for any changes in its indeterminate parameters.

* Received by the editors April 29, 1977, and in revised form March 21, 1978.

+ Department of Control Engineering, Faculty of Engineering Science, Osaka University, Toyonaka,
Osaka, Japan.
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From this point of view, the notion of strong structural controllability is introduced
as follows: The system (A, b) is strongly structurally controllable if any system (A, b)
which has the same structure as the system (A, b) is completely controllable as long as
every indeterminate entry of the matrix [A 5] is not zero. It immediately follows that
every strongly structurally controllable system is also structurally controllable. If the
value of an indeterminate parameter is zero, this means the corresponding connection
in the system is cut off. So this case is excluded.

Our approach is graph theoretic. In § 2 we define the graph of a system (A, b) and
the related terms. In § 3 we develop the two necessary and sufficient graph theoretic
conditions (Theorem 1 and Theorem 2) for systems to be strongly structurally
controllable. Theorem 1 shows what is the essential set of indeterminate parameters
the change of whose values may cause a system to be uncontrollable. This problem is
not only fundamental for strong structural controllability but also may give some
insight to structural controllability of systems with dependent indeterminate
parameters. Theorem 2 is given in a very simple and intuitive form in graph theoretic
aspect. Its conditions can be gxamined by inspection and are easier to examine than
those of Theorem 1 for sparse systems. Theorem 2 is also useful to investigate the
strong structural controllability when some subsystems are added to or deleted from a
system.

2. The graph of a system (A, b). The graph of a system (A, b), which will be
denoted by G(A, b) hereinafter, is a graph that contains exactly n+1 nodes,
1,2,---,n+1, and all of whose edges are obtained as follows: For every indeter-
minate entry c; of the n X (n + 1) matrix [A b], the graph contains the oriented edge
(j, i) (an arrow going from the node j to the node i). The node n +1, which cor-
responds to the n + 1st column of [A b], will be called the origin of G(A, b). The set
with all the nodes in G(A, b) except the origin will be denoted by Z. For any oriented
edge (j, i) in G(A, b), the node j (node i) will be called the initial (final) node of the
edge (J, i).

A graph, which consists of a subset of the set of all the edges in G(A, b) and all
the initial or final nodes of the edges in the subset, will be called a subgraph of
G (A, b). For any subgraph H of G(A, b), V(H) (E(H)) denotes the set of all the
nodes (edges) in H and the subgraph H will be said to span the graph G(A, b) if
V(H)= V(G(A, b)) is satisfied. For any two subgraphs H;, H,, H,U H, denotes the
subgraph which consists of E(H;)U E(H?) and V(H;)U V(H>).

Consider a subgraph H of G(A, b) which consists of a sequence of edges,
(i1, i2), (i2, i3), * * *, (ik—1, ix ), and nodes iy, i, * - -, ir. The subgraph H will be called a
path for k =2 if no pair of nodes in H are coincident. The node i; (node i) will be
called the initial (final) node of the path. Further, the path is said to reach the node i
from the node i;. The subgraph H will be called a cycle for k =1 if only the pair of
nodes i, and i, are coincident. Moreover, the subgraph H will be called a bud for
k =2 if only the pair of nodes i, and iy are coincident. In the bud, the node i; or the
edge (i), i») will be called the origin or the distinguished edge of the bud respectively.
The subgraph obtained by removing the distinguished edge and the origin from a bud
B will be called the cycle part of the bud B and will be denoted by B*. In certain cases,
a path whose initial node is the origin of G(A, b) will be called a stem. See Fig. 1.

For a path and a cycle C (set € of cycles), we shall say that the path reaches the
cycle C (set € of cycles) from node i if the node i is the initial node of the path and
only the final node of the path belongs at the same time to the path and the cycle C
(some cycle in the set €).
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(iii)

FIG. 1. (i) Path. (ii) Cycle. (iii) Bud.

The graph G(A, b) is defined to be accessible if for any node i in Z, there exists at
least one path whose initial node is the origin of G(A, b) and whose final node is the
node i. For any set N of nodes, |N| denotes the number of distinct nodes in N and
T(N) denotes the set containing all the nodes i with the property that there is an edge
in G(A, b) going from the node i to some node in N. The graph G(A, b) is said to
contain a dilation if there exists a subset N of Z which satisfies |T(N)| <|N]|.

Given a stem By and p buds, By, By, - - -, B,, the subgraph BUB,;UB,U - -+ U
B, will be called a cactus if for every j=1,2,-- -, p, the origin of B; is not the final
node of By and is the only node which belongs at the same time to B; and BoU B; U
B,U - - - UBj-;. Moreover the bud B; will be called the jth bud of the cactus for
1=j =p. In the above definition of a cactus, if the origin of B, belongs to By and the
origin of B, belongs to B}, for 2=j=p, then the subgraph S=
BoUB;UB,U - -+ UB, will be called a serial buds cactus and abbreviated to s.b.c.
Here let us define a subgraph $* of § as S*=B,UBY¥UB3 U - -- UB}. Then, for
any subset N of V(§%), Ts«(N) denotes the set containing all the node i with the
property that there is an edge in E(S*) going from the node i to some node in N.

Suppose G(A, b) is spanned by an s.b.c. BoUB;UB,U - - - UB, where By is the
stem and B; is the jth bud for 1=j=p; then all the nodes of G(A, b) are labeled
associated with this s.b.c. as follows: Starting from the initial node of By, assign labels,
1(Bo), 2(Bo), * * * , do(Bo), * * * , mo(Bo), to the nodes in By in order, where mo=
|V (Bo)| and the node labeled do(By) is the origin of B,. And for everyj=1,2, -, p,
starting from the final node of the distinguished edge of B, assign labels,
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1(B;), 2(B)),  * * , di(Bj), - - - , mj(B;), to the nodes in the cycle part of B; in order,
where m; =|V(B,)|—1 and the node labeled d;(B;) is the origin of B;.;." This will be
called the labeling associated with the s.b.c. See Fig. 2.

2B, .\1(3,,) //
° ®
) m,(B,)
/
/
d 1(B,) !
: . o —=¢ d:(B2)
// e d, + 1(By)
! \
{ I
2(32) [ ]
\1(32) /’
o, °
my(B,)
mO(BO) dl _ l(Bl) /
',\ /,o —ﬂ.\d:(Bl)
/
moy — 1(By) ® I, .\dl + 1By
!
N l.zum /
\ /
\ \1(3,) o
do + 1(Bo) o\ /’*" m,(B,)
do(Bo) ®
do — 1(Bo) ®
\
\
\
\
\0 Z(Bo)
® 1(By)

FIG. 2. Labeling associated with an s.b.c.

3. Strong structural controllability. In this section, the two necessary and
sufficient conditions for a system (A, b) to be strongly structurally controllable will be
given. Before stating our results, we should show some results of Lin concerning
structural controllability.

! In the case of j = p, the label d;(By) is not defined. And in certain cases, i(B;) denotes the node labeled
i(By) for convenience.
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LeEMMA 1 (Lin [7]). The system (A, b) is structurally controllable if and only if the
graph G(A, b) satisfies either of the following properties :

(al) The graph G(A, b) is accessible and contains no dilation.

(a2) The graph G(A, b) is spanned by a cactus.

Our first results are as follows:

THEOREM 1. The system (A, b) is strongly structurally controllable if and only if the
graph G (A, b) satisfies the following three properties

(bl) The graph G(A, b) is accessible.

(b2) For any subset N of Z, there exists at least one node i in T(N) such that the
number of the edges going from the node i to some nodes in N is one.

(b3) For any subset N of Z which satisfies T(N)> N, there exists at least one node i
in T(N)— N such that the number of the edges going from the node i to some
nodes in N is one.

First, we will show the following two lemmas:

LEMMA 2. If the graph G(A, b) is assumed accessible, then the property (b3) of
Theorem 1 is satisfied if and only if whatever nonzero real value each indeterminate
entry of the matrix [A b] may take, there exist no complex number a(#0) and n-vector
q(#0) with complex entries which satisfy q"[A b]=a[q" 0].

Proof. Define ¢;; as the (i, j) entry of [A b] and g; as the ith entry of the vector q.

Since G(A, b) is accessible, T(N)— N is not empty for any subset N of Z.

Sufficiency. Suppose that there exists a subset N of Z such that T(N)> N and
each node i in T(N)— N has more than one edge going from the node i to some nodes
in N. By a permutation of the coordinates, it can be assumed without loss of generality
that the first k rows (columns) of [A b] correspond to the nodes in N. (Here k =|N|.)

Now choose an a and a vector q so that a=1, qg1=¢q>= -+ =qx =1 and
q+1= - =q,=0. Since T(N)> N, each jth column in the first k columns of [A b],
which corresponds to some node in N, contains at least one indeterminate entry in its
first k entries from the definition of T(N). So, if the indeterminate entries in the first k
entries of the jth column take suitable nonzero real values,

n k
) “—21 qiCij = '21 ciij=1=agq,

can be satisfied for 1=j = k. Moreover, since each node in T(N)— N has more than
one edge going from the node to some nodes in N and there is no edge going from any
node in V(G(A, b))—T(N) to any node in N, any rth column in the last n+1—k
columns of [A b] contains more than one or no indeterminate entry in its first k
entries. Therefore if the indeterminate entries in the last n+1—k columns take
suitable nonzero real values, the equation

n k
3) ;1 qiCir = A; cr=0

can be satisfied for k +1=r=n+1. From (2) and (3), it can be concluded that if each
indeterminate entry of [A b] takes a suitable nonzero real value, there exist a complex
number a(#0) and a vector q(#0) which satisfy g "[A b]=a[q" 0].

Necessity. Suppose that each indeterminate entry of [A b] takes a certain nonzero
real value and there exist a complex number a(#0) and a vector q(#0) which satisfy
q"[A b]=a[q" 0]. By a permutation of the coordinates, it can be assumed without
loss of generality that all the nonzero entries of the vector q are located in its first k
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entries. Then

n k
4) '21 qiCij = ‘21 qiCij = aqj
is satisfied for 1=j=k, and

n k
&) 2:1 qicir = ;l qicir =0

is satisfied for k +1=r=n+1.

Let us choose N as the set which contains all the nodes corresponding to the first
k rows (columns) of [A b]; then since ¢; #0 for 1 =j =k in (4), any jth column in the
first k columns of [A b] contains at least one indeterminate entry in its first k entries.
So T(N)> N can be concluded. Since, in (5), ¢; is a nonzero complex number and c¢;, is
areal numberfor1=i=k and k +1=r =n+1, the first k entries of any rth column in
the last n +1—k columns of [A b] contain more than one indeterminate (nonzero)
entry in its first k entries or are all fixed (zero) entries. So any node s in T(N)—N
which corresponds to some column in the last n +1—k columns of [A b] has more
than one edge going from the node s to some nodes in N. Therefore the existence of
the set N contradicts the property (b3) of Theorem 1. Q.E.D.

LEMMA 3. Assuming that the graph G(A, b) is accessible, the property (b2) of
Theorem 1 is satisfied if and only if whatever nonzero real value each indeterminate
entry of the matrix [A b] may take, there exists no n-vector q(# 0) with complex entries
which satisfies q"[A b] = 0.

Lemma 3 is easily proved in the way similar to the way Lemma 2 is proved.

Proof of Theorem 1. Since the fact the system (A, b) is strongly structurally
controllable implies that the system (A, b) is structurally controllable, the necessity of
property (b1) of Theorem 1 is apparent from Lemma 1. Recall that the system (A, b)
is completely controllable (in the usual sense) if and only if the relation g"A =aq”
implies g b # 0 where « is a complex number and g # 0 is an n-vector with complex
entries (see V. M. Popov [8] for reference). Thus Theorem 1 is proved immediately
from Lemmas 2 and 3. Q.E.D.

From Theorem 1 and its proof, we can identify the essential sets of indeterminate
entries, the change of whose values may cause the system to be uncontrollable even if
the system is structurally controllable. That is, if N is a subset of Z which does not
satisfy property (b2) or (b3) of Theorem 1, only the indeterminate entries which
correspond to the edges whose final nodes are in N can take certain values such that
the system is uncontrollable, and the values of other indeterminate entries have no
concern with it.

Next, we shall show our second result which is useful because of its simple and
intuitive form in graph theoretic aspect.

THEOREM 2. The system (A, b) is strongly structurally controllable if and only if the
graph G(A, b) satisfies the following two properties:

(c1) The graph G(A, b) is spanned by a unique s.b.c.

(c2) The graph G(A, b) contains no set of cycles which is reached from the origin of

G (A, b) by more than one path.

For sparse systems, Theorem 2 can be examined by inspection and is easier to test
than Theorem 1. The simple instructions to check the uniqueness of the s.b.c. which
spans G(A, b) will be given in the Remarks. Moreover Theorem 2 is very useful to
investigate the strong structural controllability when some edges or subsystems are
added to or deleted from a system.
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We shall show the following lemmas. They are also interesting in themselves.

LEMMA 4. If the graph G(A, b) is assumed accessible, then the property (b3) of
Theorem 1 is equivalent to the property (c2) of Theorem 2.

Proof. (b3) = (c2): Suppose that the property (c2) is not satisfied, that is, G(A, b)
contains a set € of cycles which is reached from the origin of G(A, b) by exactly h
distinct paths, Py, P,,---,P, (h=2). The initial node, of every path P, (j=
1,2,--+, h) is the origin of G(A, b), so there exists a positive integer f such that
starting from the origin of G(A, b), the first f node sequences of all the paths
P,, P,,- - -, P, are the same node sequence, i1, i3, -, i, and all the f+ 1st nodes of
the paths are not coincident. Let F be the set of nodes, iy, i, -, and Q=
V (U} P;)— F. Moreover, define the set R of nodes as follows: For every node i in R,
there exists a path which contains no node in F and reaches some node in Q from the
node i.

Now let us choose the set N as

6) N=QUR;
then it is obvious that
7 T(N)=T(Q)UT(R).

Since there do not exist more than A distinct paths each of which reaches the set €
from the origin of G(A, b), there exists no edge going from some node in F —{node i}
to some node in Q or R. So, both T(Q) and T(R) are included in R U Q U{node i}
from the definition of Q and R. Thus

(8) T(N)< N U{node i}

is satisfied from (6) and (7).
Consider an arbitrary node ¢ in R; then the node ¢ has an edge going from the
node ¢ to some node in R or Q from the definition of R. So,

) R<=TR)UT(Q)=T(N)

is satisfied.

Consider an arbitrary node ¢ in Q. If the node ¢ is not the final node of any path
among Py, Py, - - -, Py, it is obvious that the node ¢ is contained in 7'(Q). If the node ¢
is the final node of some path among Py, P,, - - -, Py, the node ¢ is contained in a cycle
C in € which contains no node in F. So it can be easily obtained that the node ¢ is
contained in T(Q)U T(R). Thus

(10) Q=T(QUTR)=T(N)

can be concluded.
It is obvious that the node i is contained in T(Q) (= T(N)), so

(11) T(N)= N U{node i}

is obtained from (6), (9) and (10). Thus T(N)= N U{node i} is satisfied from (8) and
(11). Moreover T(N)— N = {node i} is satisfied since the node i is contained neither
in Q nor in R. Therefore the existence of the set N contradicts the property (b3) since
the node ir has more than one edge going from the node i; to some nodes in Q(< N).

(c2) = (b3): Suppose that the property (b3) is not satisfied, that is, there exists a
subset N of Z such that T(N)> N and each node i in T(N)— N has more than one
edge going from the node i to some nodes in N. For any node i; in N, there exists an
edge going from the node i; to some node i, in N since the node i, is contained in
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T (N), and since the node i is also contained in T (), there exists an edge going from
the node i, to some node i3 in N. Continuing this procedure, since |N| is finite, we can

obtain a sequence of distinct nodes, i, iz, -+ +, i, in N such that there exist an edge
going from the node i; to the node i;+; for 1=j=k —1 and an edge going from the
node i, to some node among the nodes, iy, is, * - -, ix. Therefore each node i; in N is

contained in some cycle in N or has a path which is contained in N and reaches some
node in some cycle contained in N from the node i..
From N < Z, the origin of G(A, b) is contained in V(G(A, b))—T(N)or T(N)—
N. If the origin of G(A, b) is contained in T(N)— N, the origin of G(A, b) has more
than one edge going from the origin of G(A, b) to some node in N. If the origin of
G(A, b) is contained in V(G(A, b))—T(N), since G(A, b) is accessible and every
path which reaches some node in N from the origin of G(A, b) contains some nodes in
T(N)— N, there exists a path which reaches some node ¢ in T(N)— N from the origin
of G(A, b) and contains no node in N. The node ¢ in T(N)— N also has more than one
edge going from the node ¢ to some nodes in N.
Thus, in both cases," we can easily find a set of cycles which is reached from the
origin of G(A, b) by more than one path. This fact contradicts the property
(c2). Q.E.D.
LEMMA 5. If the graph G (A, b) satisfies property (c2) of Theorem 2 and is spanned
by an s.b.c. BoU B U - - - UB, where By is the stem and B; is the j-th bud for 1 =j =p,
then the graph G(A, b) satisfies the following properties when all the nodes of G(A, b)
are labeled associated with the s.b.c.:
dl) If 1=i,<iy+2=iy=d; is satisfied for some j (0=j=p—1), there does not
exist an edge (i1(B;), i»(B;)) in G(A, b).

(d2) Ifd;+ 1=i,=i>=m;is satisfied for some j (0=j=p—1), there does not exist
an edge (i2(B;), i1(B;)) in G(A, b).

(d3) For 0=j=p—1, there does not exist an edge going from any node in B; to any
node in V(Bf1)UV(BFE)U - UV(BY) other than the edge
(d;(B;), 1(Bj+1)).

d4) If 1=si1<i)+2=i3Sis=mjand i, +1=i,=i, are satisfied for some j (0=
J =Dp), there do not exist an edge (i1(B;), i3(B,)) and an edge (i4(B;), i.(B;)) at
the same time. (See Fig. 3.)

It is easy to prove Lemma 5 since G(A, b) satisfies property (c2).

LEMMA 6. Assume that the graph G (A, b) satisfies property (c2) of Theorem 2 and
is spanned by an s.b.c. S. Then the graph G(A, b) does not satisfy property (b2) of
Theorem 1, if there exists a subset N of Z such that each node in Ts+(N) has more than
one edge in E(G(A, b)) going from that node to some nodes in N.

Proof. Let the s.b.c. S which spans G(A, b)be S=B,UB;U -+ UB,, where By
is the stem and B, is the jth bud for 1=j=p, and label all the nodes of G(A, b)
associating with the s.b.c. S.

If T(N)=Ts«(N), G(A, b) does not satisfy the property (b2). So suppose that
T(N)—Ts+(N) is not empty. In this case, mo(Bo)€ T(N) is shown as follows: If
mo(Bo)€ T(N), there exists at least one edge by E(G(A, b)) going from the node
mo(Bo) to some node in N N{node k(B,)|2 =k =do} by properties (d2) and (d3).
Next, define i,, as i,, =min {i|node i(Bg)e N, 2=i=do}. Then it follows that i,, —
1(Bo)€ Ts+(N). From the assumption concerning N, there exists another edge than
(im — 1(Bo), im(Bo)) in E(G(A, b)) such that the initial node is i,, — 1(B,) and the final
node is contained in N. But, whatever node is chosen as the final node, the existence of
such an edge contradicts the definition of i,, or property (d3) or (d4).
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F1G. 3. Lllustrations for (d1)-(d4).

Since mo(Bo)€ T(N), we can choose the subset N; of Z which satisfies Tg«(N;) =
T(N)— Ts«(N). Then it is evident that each node in Ts«(N U N;) has more than one
edge in E(G(A, b)) going from the node to some nodes in N U Nj.

If TINUN,)=Ts+«(NUN;), G(A, b) does not satisfy property (b2). If T(N U
N1)— Ts«(N UN,) is not empty, repeating the above procedure, we can construct a
subset of Z which does not satisfy property (b2) since |Z] is finite. Q.E.D.

LEMMA 7. If the graph G(A, b) is spanned by an s.b.c. and satisfies properties (c?)
of Theorem 2 and (b2) of Theorem 1, then the s.b.c. which spans G(A, b) is unique.

Proof. Induction on the dimension n of the state space is used for the proof.
Lemma 7 is evidently true when n = 1. Assume that Lemma 7 is true when n = k and
that there exist more than one s.b.c. which spans G(A, b) when n = k + 1. Then we can
derive contradictions as follows: When n=k+1, choose two s.b.c.’s S=
BoUB,U -+ UB, and §=B,UB;U - - - UB; both of which span G(A, b), where
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Bo (By) is the stem of S (S) and B, (B;) is the jth bud of S (S) forl=j=p (1 <] =p).
Let us label all the nodes of G(A, b) associated with S and § at the same time.”

In the case that S and § are not stems, we define positive integers & and A as
follows:

1 it p=1,
(12) h=<p ifp>landdi=m;,j=1,2,---,p—1,
min{j|d;#m; 1=j=p—1} otherwise.

h is defined in the same way as (12) replacing h, p, d;, m; with k, p, d;, m;.

Deleting the node m((Bo) and the edge (mo— 1(Bo), mo(By)) from S when S is a
stem or S is not a stem and m>do+ 1, or deleting the node mo(By) and the edges
(mo—1(Bo), mo(Bo)) and (m;(B;), 1(B;)) for 1 =j = h from S when S is not a stem and
mo=do+ 1, we can obtain an s.b.c., which will be denoted by S’. From the s.b.c. S, we
can obtain an s.b.c. in the same way as S'. This will be denoted by §'. Moreover, define
the graph G' as the graph obtained by deleting from G (A, b) the node m(Bo) and all
the edges whose initial nodes or final nodes are mo(By). Then G’ is spanned by the
s.b.c. §' from the definition of S’. And it is easily shown from Lemma 6 that G’
satisfies properties (b2) and (c2).

From the above, the following can be assumed without loss of generality (see
Appendix A).

13) p =1, thatis, S is not a stem;
(14) mo(Bo) = o(Bo);
(15) mo(Bo) = do+ 1(Bo).

G' is also spanned by the s.b.c. §" from (14) and the definition of S’. Since the
s.b.c. which spans G’ is unique from the assumption of the induction, §'=S" is
concluded.

Contradictions will be derived in the following two cases:

(i) Sis a stem or S is not a stem and rig>do+ 1.

(ii) S is not a stem and #o=do+1.

In case (i), the final node of the stem of S’ or §" is the node my,(B},) or riig— 1(B,)
respectively. Since S'=§', it follows that my,(B)= #io— 1(Bo). Therefore there exists
the edge (my(By), do+ 1(Bo)) in E(S) from (14) and (15). Choose the subset N; of Z
as Ny ={do+1(Bo)}U{1(B,)|1 =j = h};’ then it is easily shown from the definition of &
that each node in Ts+(N;) has more than one edge in E(G(A, b)) going from that node
to some nodes in N;. This contradicts the property (b2) from Lemma 6.

In case (ii), the final node of the stem S’ or §" is the node m,,(By,) or mi;(Bj). Since
S'=S', mu(By)=ms(Bs) is satisied and we can assume that do(Bo)e
V(B1UB,U - -+ UB,) without loss of generality from the definitions of S’ and S'. If
do(Bo) = m,(B,) for some 1=r = h, contradiction is derived in the same way as case (i).

If do(Bo)# m,(B,) for all 1 =r = h, define a positive integer ¢ as

(16) t=min {i|m;(B:)=m;(B;) and 1(B;)# 1(B;) forsome 1=j=h, 1=i=h}.*

2 When all the nodes of G(A, b) are labeled associated with §, riig or riy; (1=j=p) is equal to | V(By)|
or |V(B))| -1 respectively, and the origin of Bj,, is denoted by d;(B;) for 0==p—1.

Sh= p is satisfied if S is a stem, since S’ is a stem and h < p means that S’ is not a stem.

* g (Bi) = my(By) is satisfied. If do(Bo) # do(Bo) and do(Bo) # m,(B,) for all 1 = r = h, 1(B,) # 1(B;) for
all 1=j=h, and if do(Bo)=do(Bo), there exists at least one edge (;(B;), 1(B,)) (1=i= k) which differs
from (m;(B;), 1(B;)) for all 1=j = h since S differs from S. Thus the definition of ¢ makes sense.
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Then, from the definitions of S’ and §', the edges (,;(B;), 1(B,)), 1=j=¢ in § are
represented by the labeling associated with § as follows:

17) (m; (B;), ic(By,)), (i = 1(Bj,), ir-1(Bj,_,)),  * - » (2= 1(By,), i1(B,))

(if ik=1 2=k =1), i —1(B;,) should be exchanged for m,,—(B;,-1)) where 7, (B,)=
mj,(B,}), 1(_Bk)_= ik (B,'k) forlsk= t, f?lk—l(Bk—l) = ik - 1(B,k) (mjk_l(B,»k_l) if ik = 1) for
2=k E—t, do(B0)= il - 1(3“) (mil_l(B,‘l._l) if il = 1) Moreover ik-—l é]k and if jk—l =jk,
k1= — 1.° Here define the subset N, of y4 as N, =
{do+ 1B U{1(B) 15 =3 UTix(By) 1Sk =1} .

In the case that do(Bo)# do(Bo) and do(Bo) # m,(B,) for all 1=r=h, do(Bo)=
ii—1(By) is satisfied® and there exists the edge (i1 —1(B},), do+ 1(Bo)) which is the
edge (do(Bo), do+ 1(By)) in S. Taking account of the edge (i; — 1(B;,), do+ 1(Bo)) and
the edges in (17), it is evident that each node in Tg+«(V,) has more than one edge ir
E(G(A, b)) going from that node to some nodes in N,. This contradicts the propert
(b2) from Lemma 6. See Fig. 4.
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® The case Jie-1= Ji and i, = 1 never occurs.
6 # 1 since do(Bo)# m,(B,) forall 1=r=h.
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In the case of do(Bo)=do(Bo), i1(B),)=1(B,) is satisfied. Taking account of the
edges in (17), the contradiction is also derived in the same way as in the above
case. Q.E.D.

LEMMA 8. If the graph G (A, b) satisfies properties (c1) and (c2) of Theorem 2, it
satisfies property (b2) of Theorem 1.

Proof. In the following, the contradiction will be derived by assuming that there
exists a subset N of Z such that each node i in T(N) has more than one edge going
from the node i to some nodes in N. Since G(A, b) is spanned by a unique s.b.c. S, let
us represent the s.b.c. S by BUB;U - - - UB, where Byisastemand By, B, -+, B,
are buds, and label all the nodes in G(A, b) associating with S.

Now let us define a nonnegative integer s as

18) ={0 if V(Bo)NN # J,
Lmin {j|lV(BF)NN =D, 1=j=p} if V(B)NN=0,

and positive integers i,, and iys as

(19) im =min {i|node i(B;)e N, 1 =i =m,},

20) ire =max {i|node i(B;)e N, 1 =i = m,}.

Then we can show (Appendix B) the following:

21) node 1(B;)€ N,

22) s <p (i.e. B4 €xists.),

23) NN{node k(By)|ds +2=k=ms}=F if my=d;+2,

(24) ms=d,+1 and node d; + 1(B;)e NN V(B¥),

25) node 1(Bs+1)€ N (this implies node mg1(Bs+1)e T(N).).

If node 1(B;)e N and node m;(B;)€ T(N) are satisfied for some j (s+1=j=p—
1), there exists, in addition to the edge (m;(B;), 1(B;)), at least one edge going from the
node m;(B;) to some node in NN (V(B¥)U V(B¥.,)U - - - UV(B}))or d;=m;, and
node 1(B;+1)€ N are satisfied from the assumption concerning N, the property (d3)
and (18). By the iterative use of above fact, since the number of buds in § is finite and
(25) is satisfied, it can be shown that there exists a positive integer ¢ such that
ms+j = dg4; is satisfied for 1 =j=¢—1if t=2, node 1(B,+;)€ N is satisfied for 1 =j=¢
and there exists at least one edge going from the node m..(B;.+) to some node i1(B;,) in
NNVEBHUV(BEN)U -+ - UV(BF))—{node 1(Bs.o)h.

In the above, if the node i1(B},) is contained in N N{node k(By)|in =k =d,},
since the node i;— 1(B;) is contained in T(N),” using (23), (24) and properties (d1)
and (d3), we can show that there exists an edge (i; — 1(B;), i2(B;s)) such that i, =i; -1
or io=ds+1 is satisfied and the node i»(B;) is contained in N. If i,=i;—1 (i.e.
i» #d;+1) is satisfied, there exists an edge (i,— 1(Bs), i3(Bs)) such that i3=i,—1 or
is=d;+1 is satisfied and the node i3(B;) is contained in N from the same reason.
Repeating this procedure, we can conclude that there exist edges, (ms+:(Bs+:), i1(Bs)),
(11— 1(Bs), i2(Bs)), - - - s (if-l —1(Bs), i¢(Bs)), (if_ 1(B;), ds + 1(B,)) which satisfy d, =
iy>1i> - >iZ1i, In this case and in the case that the node i;(B;,) coincides with
the node d, + 1(B;) or some node in {node 1(B,+;)|1=j=t—1}, we can find another

7i,—1=1 is satisfied from (21).
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s.b.c. than S which spans G(A, b), and this contradicts the uniqueness of S. Thus it is
shown from the above and (23) that

26) node i(B,)e NN N (V(BX%))~ (node 1(Bes, ).

Since the node i, — 1(B},) is contained in T(N)N V(B},) from (26), there exists an
edge going from the node i;—1(B;) to some node i(B;,) in NN
(VIBHYU V(B¥ U - - - UV(B¥)—{node i,(B;)} from (18). Moreover i;,—1#d,,
is satisfied for s+1=j;=s+¢—1 from (26) and m.; =d,.; for 1 =j=t—1; besides
evenif jy=s+t and s +¢t=p—1 are satisfied, i; — 1 <d,., can be obtained from (d2).
Thus the node iy(B;,) is not contained in {nodek(B;)|lii=k=m;}U
(V(Bf+1)U V(BE.2)U - - - U V(BY)) {from properties (d1), (d3) and (d4). And by
the same argument as in the proof of (26), it can be shown that
27

jp—s—1
node ix(B,) e N N U (V(BE,)~(node 1(By.,)}) Ulnode k(B2 =k =11 - 1})
iz
where {node k(B;,)|2=k =i;—1}= & in the case of i; = 2.

Since |Uj-; V(B¥X,,)| is finite, by the iterative use of the same argument which
derived (27) from (26), we can finally obtain a node i;(B;,) in N such that the node
i — 1(B;,)(e T(N)) has no edge going from the node i, —1(B;,) to some node in N
other than the edge (i; —1(B,,), i4(B;,)). This contradicts the assumption concerning
N. QE.D.

Proof of Theorem 2. Necessity. If the system (A, b) is strongly structurally
controllable, properties (b1), (b2) and (b3) are satisfied from Theorem 1. By the use of
Lemma 4, property (c2) is derived from properties (b1) and (b3). Since a strongly
structurally controllable system (A, b) is also structurally controllable, G(A, b) is
spanned by a cactus from (a2) of Lemma 1. This cactus should be an s.b.c. since
G (A, b) satisfies property (c2). Thus using Lemma 7, we can derive property (c1) from
properties (b2) and (c2).

Sufficiency. Property (bl) is derived immediately from property (c1). And pro-
perty (b3) is derived from properties (b1) and (c2) by Lemma 4. Moreover property
(b2) is derived from properties (c1) and (c2) by the use of Lemma 8. So by Theorem 1,
we can conclude that the system (A, b) is strongly structurally controllable. Q.E.D.

Remarks. If the graph G(A, b) satisfies property (c2) of Theorem 2 and is
spanned by two different s.b.c.’s S; and S5, then the relation between S, and S, is
reduced to the two cases, the typical examples of which are illustrated in Fig. 5. From
this, we can examine the uniqueness of the s.b.c. which spans G(A, b). That is, if an
s.b.c. S which spans G (A, b) is given, regarding S as S; or S, check the existence of S,
or S; which satisfies the relation, respectively. For sparse systems, this procedure also
will be performed easily by inspection. Although we give no proof here, we can guess
the relation between S; and S, from the proof of Lemma 7.

Conclusions. The two necessary and sufficient graph theoretic conditions for
single-input linear control systems to be strongly structurally controllable have been
developed.

Theorem 1 shows the fundamental conditions for strong structural controllability
and the essential sets of indeterminate entries, the change of whose values may cause a
system to be uncontrollable. These results may give some insight to structural control-
lability of systems with dependent indeterminate parameters, which is left as a further
research problem. Theorem 1 can be extended to the multi-input case directly.
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F1G. 5. The typical examples in which two different s.b.c.’s span the graph G(A, b) at the same time.

Theorem 2 is useful because of its simple and intuitive form in graph a theoretic
aspect. For sparse systems, the conditions of Theorem 2 can be easily examined by
inspection. The complete and efficient computer algorithms to test the strong struc-
tural controllability in general case are currently under investigation.

Appendix A. We shall verify (13)—(15). First, let us assume that both S and § are
stems. From the definition of a stem, it is satisfied that 1(Bo)= 1(B,)= the origin of
G(A,b). If 2(Bo)#2(B,), the edge (1(By),2(By)) is represented as the edge
(1(Bo), ro(Bo)) (3=ro=my). Since S is a stem, there exists the edge represented as
(r1(Bo), r2(Bo)) (2=r,<ro=ri=mo) which is contained in S, but this contradicts
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property (d4). Hence 2(Bo) = 2(By). By the use of the same arguments, we can show
that S = S, but this contradicts the assumption that § # S

Next, if mo(Bo)# mo(By), there exists at least one edge contained in § whose
initial node is mo(Bo). And we may assume from (13) and properties (d2) and (d3) that
there exists the edge in S represented as (mo(Bo), so(Bo)) Where 2 = so= do. Then it is
easily shown from (d1)-(d4) that the stem EO of § does not contain the edge
(mo(Bo), s0(Bo)). Now, if mo(Bo)fé{2(B0) 3(Bo), * * *, so(Bo)}, then it follows from the
above that there exists a path B, from 1(B,) (= 1(Bo)) to mo(Bo) which does not
contain the node so(Bo), but the presence of such a path contradicts the properties
(d1)—~(d4). So the node #(By) is contained in {2(By), 3(Bo), * * * , So— 1(Bo)}. Since the
node io(B)) is the final node of By, from the definition of an s.b.c., there exists the
path in § from the node 1(B,) to the node so(Bo) which does not contain the node
o(Bo), but it contradicts property (d3) or (d4).

Last, assume that mo>d,+1. §' also spans G’ from (14) and the definition of S’.
Since the s.b.c. which spans G’ is unique, S’ = §' is satisfied. If § is a stem, § is also a
stem. But S’ is not a stem from mo > do+ 1. Therefore S is not a stem. If o> do+ 1 is
satisfied, S = S is derived from S’ =S’ and the definitions of S and S. This contradicts
the assumption S # S. Therefore we conclude mo=do+1 or mo=do+1. So, mo=
do+ 1 can be assumed without loss of generality.

Appendix B. We shall verify (21)-(25). If 1 =5 =p, node 1(B;)€ N implies node
d,_1(Bs-1)€ T(N). But the edge (ds—1(Bs-1), 1(By)) is the only edge going from the
node d,_;(Bs-1) to some node in N because of property (d3) and (18). This contradicts
the assumption concerning the set N. Moreover N does not contain the node 1(By)
(=the origin of G(A, b)). Thus we can obtain (21), that is,

(B.1) node 1(B;) N.

If s =p is satisfied, node ir —1(B,)e T(N) is satisfied from (20) and (B.1). So
there exists an edge going from the node iy — 1(B,) to some node i;(B,) in N N{node
k(B,)|im =k =iy — 1} from (18), (20) and the assumption concerning the set N. It can
be shown similarly as above that there exists an edge going from the node i; — 1(B,) to
some node iy(B,) in NN{node k(B,)|im=k =iam k #i1}. If =iy is satisfied,
another s.b.c. than § which spans G(A, b) can be easily constructed. This contradicts
the uniqueness of S. If the node i,(B,) is contained in {node k(B,)|ii + 1=k = in —1};
property (d4) is contradicted since i;—~1<i;<i;=ip —1 is satisfied. Thus the node
i(B,) should be contained in N N{node k(B,)|i. =k =i;—1}. Continuing this pro-
cedure, we can show that the node i, —1(B,) is contained in T(N) and the edge
(im — 1(Bp), im(B,)) is the only edge going from the node i,, —1(B,) to some node in N.
This contradicts the assumption concerning the set N. So we can derive (22), that is,

(B.2) s <p (i.e. Bgy1 exists.).

Suppose N N{node k(B;)|d;+2=k =m,}# J; then node in—1(Bs)€ T(N).
and ips —1=d, +1 are satisfied. The node in — 1(B;) has an edge going from the node
ine — 1(By) to some node i;(B;) in {node k(B;)|im =k = ips — 1} from (18), and property
(d3) and the assumption concerning the set N. Moreover the node i;(Bs) is not
contained in {node k(B;)|d; +1=k =iy —1} from (B.2) and property (d2). So the
node i;(B;) should be contained in {node k (B;)|im =k = d,}. Here applying the similar
argument in the proof of (B.2) and property (d3), we can derive the contradiction.
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Thus if m, = d; +2 is satisfied, (23), that is,
(B.3) N N{node k(B,)|ds +2=k =m,}= O

can be proved.

If node ds+1(Bs)N or diBs)=m,(Bs) is satisfied, NN
{node k(B,)|in, =k =d,}# O is derived from (19) and (B.3). Since the node i,,(B;) is
contained in N and i, =2 is satisfied from (B.1), the node i, —1(B;) exists in
V(B¥)N T(N). So there exists an edge going from the node i,, — 1(B;) to some node
in {node k(B;)|im + 1=k =d,} from the assumption concerning N, property (d3) and
(18). This contradicts property (d1) from (B.2). Thus we can obtain (24), that is,

(B.4) ms=d;+1 and node d; + 1(B,)e NN V(B¥).

The node ds(B;) is contained in T(N) from (B.4). If the node 1(B;+1) is not
contained in N, a contradiction is derived from property (d3) and the use of the same
procedure in the proof of (B.2). So we can derive (25), that is,

(B.5) node 1(B;+;)e N.
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ON THE OBSERVABILITY OF POLYNOMIAL SYSTEMS,
I: FINITE-TIME PROBLEMS*

EDUARDO D. SONTAGTY

Abstract. Different notions of observability are compared for systems defined by polynomial
difference equations. The main result states that, for systems having the standard property of (multiple-
experiment initial-state) observability, the response to a generic input sequence is sufficient for final-state
determination. Some remarks are made on results for nonpolynomial and/or continuous-time systems. An
identifiability result is derived from the above.

Introduction. This paper deals with observability problems for (deterministic)
control systems defined by simultaneous polynomial difference equations, and for
other related classes of systems. These problems are natural from a (mathematical)
system-theoretic viewpoint, and a strong motivation for their study is also provided by
the goal of obtaining explicit solutions to filtering and regulation problems for rather
general, yet tractable, classes of nonlinear systems.

Roughly, questions of observability deal with determining the internal state of a
(known) dynamical system on the basis of available input/output data. “Obser-
vability” is a fundamental system property, due, among others, to the following
reasons:

(a) The modern ‘‘state-variable” approach to regulator construction is based
upon the possibility of feeding back a function of (good estimates of) the state, which
must be obtained via ‘“‘observers” operating on input/output data (in the linear case,
“Luenberger observers”).

(b) In the stochastic version of the above, the only known effective solution of the
optimal nonlinear filtering problem, the Kalman filter, consists precisely of an
effective observer construction (for a deterministic system), with parameters opti-
mized on the basis of the available statistical data. This view of Kalman filtering as
‘“deterministic system theory plus elementary theory of Gaussian processes’ strongly
suggests that a solution in the nonlinear case may be conditional upon a better
understanding of nonlinear observers. Moreover, for the known cases, estimation is
feasible (in the sense that the error covariance can be made small) only when the
system has suitable observability characteristics, as is known for finite-dimensional
linear systems (see, e.g., Kwakernaak and Sivan (1972, § 4.4)) and as recently found
for infinite-dimensional linear systems (Vinter (1977)).

(c) Observability is one of the main concepts in realization theory, where it
appears, under various technical variants, as a characterizing property of canonical
systems.

(d) Even in problems not explicitly involving outputs, observability may appear
as an important question. To insure the stability of the optimal state regulator, the
unstable states must be “observed” by the performance index, as explained intui-
tively—and proved rigorously in the linear case—in Anderson and Moore (1971,
§3.2).

(e) Problems of identification, i.e., the possibility of determining the input/out-
put behavior of an unknown system on the basis of a limited number of experiments,
are closely related to observability questions, as further discussed below.

* Received by the editors April 24, 1977, and in revised form January 31, 1978. This research was
supported in part by U.S. Army Grant DA-ARO-D-31-124-72-G114 and by U.S. Air Force Grant
72-2268 through the Center for Mathematical System Theory, University of Florida.

t Department of Mathematics, Rutgers University, New Brunswick, New Jersey 08903.
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The above rough description of observability as a specific property of systems is
highly ambiguous, even at an intuitive, nontechnical, level. This ambiguity arises
mainly in the following senses: it is not clear whether the state to be determined is that
which existed before or after experimentation, nor whether simple or multiple
experimentation is allowed, nor whether the steps in the experiments can be modified
according to partial information (open- vs. closed-loop observation). Finally, other,
rather different, interpretations are possible; for instance, state determination may be
only “asymptotic” in that an infinite procedure permits obtaining progressively better
estimates of the internal state, as opposed to the above ‘““finite-time”’ interpretation,
where states are precisely determined after experimentation.

As an example of the different possibilities, the canonical realization of any given
input/output behavior is multiple-experiment initial-state observable, while an
observer is a device solving a single-experiment final-state problem. Thus, for
instance, regulator synthesis via the design philosophy ‘“‘obtain a canonical realiza-
tion/build an observer/feed-back ‘observed’ variables” presupposes a positive answer
to the question: ““is a canonical realization necessarily final-state observable (‘‘recon-
structible’”)?”

Possible observability notions. The main variations on the notions of obser-
vability to be studied and compared are, at an intuitive level:

(a) Observability: this terminology is reserved for the standard multiple-experi-
ment initial-state notion. A system is observable when any two states can be dis-
tinguished by some input/output experiment. Since the experiment (i.e., the input to
be applied) depends on the pair of states to be distinguished, practical determination
of an initial state assumes the possibility of somehow resetting the system to this
(unknown) state after experimentation, or alternatively having a number of copies of
the original system, all in the same initial state. This notion of observability appears
naturally in realization theory, since ‘‘canonical” or “minimal” realizations usually
exhibit technical variants of this property (e.g., ‘‘algebraic observability,” when each
coordinate of the initial state can be obtained by algebraic manipulations—additions
and multiplications—of input data; this property characterizes ‘‘canonical” poly-
nomial systems, as discussed in Sontag and Rouchaleau (1975), Sontag (1976a)).

(b) Single-experiment observability : there exists a single input (over some finite
time interval) which by itself permits the determination, through measurement of
ensuing outputs, of the initial state. Clearly this is a much more desirable property
than (a); it turns out to be, however, rather restrictive for discrete-time systems. (This
is not surprising; already Moore (1956) showed that (a) and (b) are far from
equivalent, at least for finite automata. For linear systems (a) is equivalent to (b), and
in fact any long-enough input distinguishes any pair of states, as discussed for instance
in Kalman (1968) or Wonham (1974).)

(c) Final-state determinability: there is an input sequence w which permits
determination of the state of the system resulting after w is applied. (In other words, if
two states produce the same output sequence under input w, then these two states are
necessarily sent into the same state under the action of w.) This property is of interest
from a control viewpoint, since control actions can be taken after the state of the
system is determined, independently of the state before experimentation. Of course,
(b) implies (c). What is not clear is what are the relations, if any, between (a) and (c),
since in the former case multiple experimentation is required. It is known that, for
finite automata, (a) (called in automata theory a ‘“‘diagnosing” problem) implies (c)
(‘““homing” problem). This was proved by Moore (1956); expositions are given by Gill
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(1962) and Conway (1971); applications to regulation are given by Gatto and Guar-
dabassi (1976). The same result holds for certain types of finite-dimensional systems—
e.g., Theorem 4.8 below—; proofs are in fact totally analogous to the finite automata
case, with a new type of finiteness (algebraic, linear, or analytic) replacing a set-
theoretic finiteness.

(d) Generic final-state determinability: while (c) concerns the existence of an
input such that final states can be determined by testing the system with this input, (d)
concerns the much more desirable case when no “experimentation” is needed, but,
strictly speaking, “observation” of the input/output behavior is enough. The extreme
case of (d) would correspond to that case in which any (long-enough) input permits
final-state determination. This extreme case is easily seen to be too restrictive, but it
may be weakened to only requiring that “almost any” (i.e., a “‘generic”) long-enough
input permits this determination. (The rigorous definition of “generic” is a purely
technical question, to be discussed later.) In other words, real-time observation of a
system, not influencing it in any way (or even, observation of data from past behavior)
should be enough for final-state determination. This property is totally different from
(c), except in the very special case of linear systems, where (c)= (d). In the automata-
theoretic case, ‘““genericity” cannot be even defined in a satisfactory way, so this is a
genuinely new system-theoretic concept.

The main result of this paper states that (a) implies (d) for polynomial systems.
Thus, for instance, final states can be determined for canonical realizations of poly-
nomial systems, just observing the “generic” input/output behavior. The proof of the
main result uses some elementary notions from algebraic geometry. Since all results
remain true when system parameters are not necessarily real or complex but belong to
an arbitrary field, everything is stated for arbitrary infinite fields (the finite field case
belongs properly to finite automata theory; infinite fields permit identifying poly-
nomials and polynomial functions). Some technical variants of the above observability
properties are also discussed and relations between all such notions are clarified.

The last section deals with (i) the particular case of state-affine systems, (ii)
generalizations to related classes of systems, in particular state-analytic and continu-
ous-time analytic, and (iii) a restatement of the main result as a system identification
problem.

This paper does not treat questions of closed-loop and/or asymptotic obser-
vability (closely related to problems of stability), nor the effective construction of
“observers.” Another interesting set of problems left open is that of finding numerical
values for smallest lengths of observability experiments; except for the state-affine
case, only qualitative results are given (even for the case of finite automata many of
these problems are still unresolved; see Conway (1971)).

The results of this paper strongly suggest that the proper definition of “observer”
in the nonlinear context may be that of a dynamical system which determines the state
of the “observed” system on the basis of a generic set of data.

1. Definitions and characterizations. Let k be an arbitrary but fixed infinite field,
and m, n, p arbitrary positive integers. Recall that an algebraic subset S of the affine
space k“, ¢ =0, is a set defined by polynomial equations S ={Q;(x1, - -, x,)=0}. An
irreducible algebraic set is one which cannot be expressed as the union of two proper
algebraic subsets. In this context, a subset R of an irreducible algebraic set S is generic
when its complement is contained in a proper algebraic subset of S. (These definitions
are justified by the fact that for k =R or C, a proper algebraic set is ‘“thin” in most
possible senses, including Baire category and measure-theoretic.)
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DEerFINITION 1.1. A (discrete-time) polynomial system X is given by a set of
equations

x(t+1)=P(x(¢), u(?)), y()=h(x()), t=0,1,2,---,

where inputs u(t), states x(t) and outputs y(t) belong to algebraic subsets U of k™, X
of k", and Y of k” respectively, U is irreducible, and P: X XU » X and h: X > Y are
polynomial maps.

Allowing proper algebraic subsets, rather than insisting on finite dimensional
spaces, for U, X, Y, permits increasing the generality of the results to include input or
state constraints of a polynomial type. The irreducibility assumption on U is made
purely for technical convenience. For instance, the unit real circle U=
{x*+y*—1=0}, as well as any space k™, are admissible input sets. Nonpolynomial
systems will be considered later.

Some extra notation will be useful. The extension of P to input sequences is also
denoted by P: X x U* - X (for the empty sequence e, P(x, )= x). Applying an input
sequence w = uy - - - U, to a system in state x produces an output sequence

H"(x)=(h(x), h(P(x,u1)), " - -, h(P(x, w)))
in Y.

In what follows, X is a fixed polynomial system. The input sequence w distin-
guishes between the states x and z iff H"(x)# H"(z). The following are several
possible definitions of “observability”’:

(A) Single-experiment observability: there exists an input sequence w which
distinguishes every pair of states.

(B) Single-experiment observability with a generic input: there are a positive
integer r and a generic subset R of U" such that any w in R distinguishes every pair of
states.

(C) Observability: each pair of states can be distinguished by some input
sequence.

(D) Finite observability: there are a positive integer r and input sequences
wy, - -+, ws of length r such that each pair of states x, z is distinguished by some w;.

(E) (Finite) observability with generic inputs: there are integers r, s and a proper
generic subset R of U™ such that (D) holds for any set wy, - - -, w, of inputs of length r
for which (wy, - - -, wg)isin R.

(F) Algebraic observability : for each polynomial function 4: X - k there are input
sequences wy, -+, w, and a polynomial function q:Y*->k such that §(x)=
qh(P(x, wy)), " -+, h(P(x, wy))) for all x in X.

(G) Final-state determinability: there is an input sequence w such that for each
pair of states x, z either H" (x)# H"(z) or P(x, w)=P(z, w).

(H) Final-state determinability with generic inputs: there are a positive integer r
and a generic subset R of U” such that (G) holds for all w in R.

The characterizations below are useful in checking observability. They are stated
in terms of the polynomial functions h; defined as follows by induction on j. First, an
(infinite) basis B is chosen for the vector space of all polynomial functions on U.
(If U = k™, the natural choice is the set of all m-variable monomials; if U is a proper
algebraic set one may choose a linearly independent subset of such monomials.) The
polynomial map h: X - Y < k” gives rise to p polynomial functions

hOl,' v ,hop

by composing with the coordinate projections. If the h; have been defined for some i
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andj=1,---,q; one may express

(1.2) hi (P(x, u))=Y a,(x)gs(u), r=1,--,q

for some finite subset g1, - - - of B. The ;.1 are then given by the a,,, r=1,- - -, q;, all
s, listed in any order except that an a,, is dropped if it is redundant, i.e., if a,s is in the
algebra generated by the previous A;’s.

LeMMA 1.3. (a) 2 is observable iff the map

(1.4) x> (h11(x), h1a(x), -+, haa(x), - - +)

is one-to-one.

(b) X is algebraically observable iff each coordinate function x;: X >k, i=
1, -, n, is a polynomial combination of the h;;(x).

Proof. Observability clearly implies that (1.4) is one-to-one, since the functions
x+—>h(P(x, w)) are combinations of the h;. Conversely, from Sontag (1976a, ‘“Main
lemma” (10.7)), the h;(-) are linear combinations of the functions A(P(-, w)); it
follows that if x, z are indistinguishable then h;(x) = h;;(z) for all i, j. The proof of (b)
is similar.

The above result permits checking observability without having to consider, for
each pair of states, if there is an input sequence separating them. The result can be
tightened considerably, in that it is theoretically possible to specify an integer s (which
depends only on the degrees of the polynomials defining ) such that it is enough to
check, in order to determine (algebraic) observability, if the map

(1.5) X~ Ysr’:x")(hll(x)’ T hsrs(x))

is one-to-one (or if each coordinate function is a combination of the A;;’s); this follows
from the decidability theory in commutative algebra, as remarked in Sontag and
Rouchaleau (1975). The problem of checking if (1.5), or a general polynomial map, is
one-to-one is very difficult, and it appears also in trying to determine if a system is
observable with respect to a fixed input w = u; - - - u,, since one must then check

xH(h(x)9 h(P(x, u1)), - - -, h(P(x9 W)));

in that context, sufficient conditions for one-to-oneness (with k = reals) were surveyed
by Fitts (1972).

Asaverysimpleillustration of Lemma 1.3, take the polynomial system X; withequa-
tions

D) =x00),  x@+D=xi1), x3(t+1)=x3(),
xa(t+ 1) = x,(6)us (6)+ x2(t)u3 (1) + x3(t),
y(t)=x4(t),

where U = k?, X = k*, Y = k. Then ho, = the coordinate function x,. From the fourth
equation, and noting that ui, uz, 1 are linearly independent functions, one has x1, x5,
x5 for the hy;. Thus X is algebraically observable, and in particular observable.

If, instead, now U is the circle u3 +u3 = 1, then u% =1-u? as functions on U, so

XUl +x2u3 +x3= (xl—xz)uf +(x2+ x3),

$0 h11=X2+ X3, h12=x1—X>. Now, in obtaining the hs;, x; —x; yields x, — x; (from the
first two equations), which is —(x; — x,) and hence belongs to the algebra generated by
previous A;’s. On the other hand, x,+x; yields x;+x3, which is equal to (x1—x2)+
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(x2+x3), hence in the algebra generated by previous h;’s. Thus no h;; are added for
i=2,3,:--.The system is therefore not observable, since

(x1, X2, X3, Xa)> (x4, X1 — X2, X2+ X3)

is not one-to-one. In fact, the indistinguishable pairs of states are those in the lines
parallel to {x4=0, x; —x2=0, xo+x3=0}.

When k = reals or complexes, observability can be checked using only inputs of
arbitrarily small amplitude; this is easily derived from the above characterization using
Sontag (1976a, Lemma (2.11)).

2. Implications among observability notions.
THEOREM 2.1. With the notations in the previous section, the only implications are
those indicated by the following diagram:

F

(2.2) l
B>A->C=D=E->H->G.

Proof. The following implications are immediate from the definitions: E-»D - C,
B->A~-C, H>G, and F» C. That C- D is proved in Sontag and Rouchaleau (1975,
Prop. 7.2). Proofs are given below for D-E (2.4) and C-»H (Theorem 3.5). To
complete the proof of 2.1, counterexamples must be given to B->F, A->B, F> A,
G - H and H- C. For the latter it is sufficient to consider the trivial system with both
transition and output maps equal to zero: after one step, the state is known (zero), no
matter which input was “applied”, but the initial state cannot be determined. The
remaining counterexamples are given by:

B-F:let k=R, X =Y =k, U =arbitrary, P(x, u)=0 for all x, u, and h(x)= x>,

A-B:let U=Y =k, X =k?, and 3, given by

x1(t+1)=0, xz(t+1)=x1(t)+xf(t)u(t), y ()= x2(2).

An input w = u; - - - u, distinguishes initial states if and only if u; = 0. But the set of all
such inputs is not generic in U, for any r.
F->A:let U=Y =k, X =k? and 3, given by

L(+1)=0,  x@+D)=xi(Ou@)—xi¢),  y)=x2).

Algebraic observability follows from criterion 1.3: recursively, one generates x, and

then x; (and x3, which is redundant). But no single sequence w serves to distinguish

every pair of states: let w = uw’, with u in U; if u =0 then (1 0) and (—1 0) are not

distinguished by w, while if u # 0 then (« 0) is indistinguishable from (0 0)'.
G->H:let U =X =k and

x(t+D=x@)u(?), u(t)=0.

Then w=u, - - - u, determines the final state if and only if some u; = 0. The set of all
such w is not generic.

It will be now proved that finite observability (D) implies, for polynomial systems,
generic finite observability (E). This is somewhat surprising because the corresponding
implication for single-experiment observability (A - B) is false. (23 above is, however,
generically finitely observable: any two length-one inputs u, v permit observing
X1 +xfu, X1 +x%v, hence also

x =[e+xiu)o— G +xioul—u)!

is known. Thus the genericset R of all (1, v)in U” = k* with u — v # 0 satisfies definition
E.)
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The following algebraic result is needed; its proof is essentially the same as that in
Sontag (1976a, Lemma (10.6)):

LEMMA 2.3. Let V, W be algebraic sets, W irreducible, and f:VXW >k a
polynomial function. There exists then an integer s and a nonzero polynomial function
d: W* > k such that, for each w, wy, - - -, ws in W there are a1, - - -, a5 in k with

dwi, -+, wof (v, w)=2 aif(v, w).

One can now give the '

(2.4) Proof of D - E. Assume that X is finitely observable, and let wy, - - -, W, be
such that x #z implies h(P(x, w;))# h(P(z, w;)) for some i. For each i, let f;=
hoP:xxU"~k. Applying2.3 with V=X, W=U", f=f, ad;: U >k is obtained
for each i. Let g:=largest of the s;. In the definition of generic observability, take
ri=largest of the r; and s:=t.q. An element of U"” can be written as

Wity = o Wer, Wiz, o o Weas ©* * > Wig),

with each w;; in U. Define the proper algebraic subset F of U" by the equations
di(wir, * -, wis)=0, i=1,---,t

Then generic observability holds with R = complement of F.

3. Proof of the main result.

LEMMA 3.1. For any polynomial system X there exists an integer r =0 and a proper
algebraic subset F of U" such that, for every w = (uy, - - -, u,) not in F, and for any x, z in
X,

H"(x)=H"(z)
implies that
P(x, w) is indistinguishable from P(z, w).

Proof. Since Y < k® for some integer p and since a union of proper algebraic
subsets of U" is again a proper algebraic subset, it is sufficient to prove the lemma with
Y = k. The general case can be reduced to this by considering the p projections Y - k.

Let s =0 be such that any pair of distinguishable states is already distinguished by
inputs of length =s (Sontag and Rouchaleau (1975, Cor. 7.3)).

For any algebraic set Z, let A(Z) denote the algebra of polynomial functions on
Z. Irreducibility of U means that A(U") is an integral domain for all #. Let D be the
direct limit of the sequence of k-algebras

AU)>- > AUY>AU >+,
where
AUY>AU™M=AUYRAWU):f>f®1.

Let K be the quotient field of D (which is an integral domain, being a direct limit of
integral domains); K contains all A(U").

Since Y=k, a polynomial map XXX XU'>Y is an element of A(X X
X)®A(U"); in particular the functions h, defined by

ht(x’ Z,Uy, 0, ut):=h(P(xa Uy, u,))-—h(P(z, Uy, ", u!))

are in A(X X X)® K. The latter is a finitely generated algebra over the field K, hence
Noetherian. Thus there is some integer r such that all A, are in the ideal of A(X X
X)®K generated by hy, - - * , h,. In particular, there are therefore equations

3.2) chevj= Y ajh, j=1,---s,
=0
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with all a;; in A(X X X)® D and ¢ a nonzero element of D. Since D is the union of the
A(U"), there is some integer q such that all a; are in A(X X X)®A(U?) and c is in
A(U?). Without loss of generality, we shall assume that g =r +s.

Define the proper algebraic set

F={(uy, - ,u)in U suchthat c(u, -, U, -, us)=0 for all (u,+1, ", ug)}.
Claim: F satisfies the requirements of the lemma. Indeed, assume that w =
(u1,-++,u) is not in F. Take x, z in X such that h(P(x,u;, ", u))=
h(P(z,uy,* - ,u))forallt=0,---,rie.,
(3.3) he(x,z,uy, -+, u)=0, t=0,---,r

Denote x := P(x, w), z = P(z, w). It must be proved that x, z are indistinguishable.
Assume that x, z are distinguished by an input sequence v, which can be taken of
length j, 0 =j =s, by definition of s. let

F;:={w in U’ such that h,.;(x, z, w, w)=0};
this is an algebraic set, proper because v is not in F;. Let
F,:={w in U’ such that c(w, w, w)=0 for all w' in U™},

this is also an algebraic set, and it is proper because w was taken not in F.
It follows that F; U F, is also a proper algebraic set. Let then w be in neither F;
nor F,. Then c¢(w, w, w') # 0 for some w’, so

(3.4) c(w, w, w)h,.i(x, z, w, w)#0.

But (3.2), (3.3) and (3.4) taken together are contradictory.

THEOREM 3.5. Observability implies, for polynomial systems, final-state deter-
minability with generic inputs.

Proof. Immediate from the lemma.

Remark 3.6. As shown in Sontag (1976), canonical realizations 2 of polynomial
response maps are not, in general, polynomial systems. So the Theorem above is not
applicable directly (A(Xj) is not Noetherian). However, if f admits a polynomial
realization X, then the reachable states of 3, form a set which is a quotient of the
reachable set of 2. Then Lemma 3.1 can be applied to £, implying that the reachable
part of X, does satisfy Theorem 3.5. Another generalization regards the case in which X
is a nonaffine variety: taking an affine cover of X, equations as in (3.2) result on each
piece of the corresponding decomposition of X X X, and Lemma 3.1 is again true. This
generalization is of interest in identifiability questions, with nonaffine parameter spaces.

4. Particular cases, applications, generalizations.

(Polynomial) State-affine systems. For this class of systems, whose realization
theory was studied in Sontag (1976b), most of the implications among observability
properties are easy generalizations of the linear case.

DEFINITION 4.1. A polynomial system 2 is state-affine iff X =k", U=k™, P is
affine (linear + translation) in states, and A is linear.

Fixing a basis in X, the equations for a state-affine system have the form

x(@+D)=Fu@)x@)+Gu@®)),
y(t)=Hx (1),

where F(-)is a (polynomial) matrix function of u, G(-) is a vector function of u, and H
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is a constant matrix. A particular case is that of internally-bilinear systems (see, e.g.,
Brockett (1972), D’Alessandro, Isidori and Ruberti (1974), Fliess (1973)), when F
and G are themselves linear or affine in u.

For state-affine systems the table of implications given in § 2 collapses to

A=B->C=D=E=F->H->G.

It must be proved that C—> F and A - B. That C- F is clear from (1.3), since the h; are
linear functions of x, observability thus meaning that the coordinates x; are linear
combinations of the A;. (An explicit matrix criterion for observability is described in
Sontag (1976b, Lemma 1.32).) That A - B follows from the following characterization,
which can be also generalized to the case U = proper algebraic set by considering a
basis of functions U - k instead of all monomials u*:

PROPOSITION 4.2. The state-affine system X is single-experiment observable iff

H

HF(U,)
4.3) rank| - =n

HF(Un_l) AR F(U])
over the field K=k(U,,:--,U.,_1) of rational functions in m(n—1) variables.
Moreover, if (4.3) holds, then any w = u; * - * u,—1 such that the rank in (4.3) remains n
after specializing Uy = u,, - - -, U,_1 = u, solves the single-experiment observation pro-

blem. (The set of all such w is generic.)
For example, consider the three-dimensional state-affine system 2,:

x1(t+1)=x1()us(t) + x2(Ouz(t) + x3()us(t) x2(t+1)=0, x3(t+1)=0,
y(®)=x:1(t).

This system is observable, but (with U, =[U11, Ua1, Us1l, U =[Uiz, Uz, Uss]) the
matrix in (b) is
1 0 0
Uy, U Us |,
U12U11 U12U21 U12U31
which has rank two, so the system is not single-experiment observable.

Proof of Proposition 4.2. Single-experiment observability with an input w=
u; - - u, is equivalent to the map x - H" (x) being one-to-one. Since

H"(x)=(Hx,:-+,HF(u,)- - F(u;)x)+translation,

H" is one-to-one if and only if the rank of

H

HF (u;)

HF(u,) --- F(u)
is n. Being full rank means that some n 